


A. JI. BPYJTHO

TEoPUA

DyHKIUN
HENCTBUTEJLHOIO
IIEPEMEHHOI'0

N3BPAHHBIE I'JIABBI

il
0

M3JATEJIBCTBO «HAVHA»

TJIABHAA PEJARIINA
OU3NKO-MATEMATUYECKON JINTEPATYPHI

MOCKBA 1971

Scan AAW



517, 2
b &Y
YK 517. 51

2-2-3
32-1

Teopna (yHKnuii jeilcTBUTEIbHOr0 NEepeMeH-
noro. b pyano A. J. Uan-sBo «<Hayka», T'map-
HafA peflakiia (U3NKO-MaTeMaTHieCKOM iuTeparty-
pbi, M., 1971.

Kuura oraMyaeTc DKOHOMHOCTHIO M3JIOMKE-
HIIA ¥ eCTeCTBEHHROCTBIO O PeMIeJIeHII, KOTOPHIe J[0-
CTHTAIOTCA OTHEJIKOI OKA3aTeJIbCTB H CHeNAJbHEIM
nocTpoeHneM Teopuu. Vanoxenne BefeTcs Ha KOH-
KPeTHOM MaTepHaje M NpPUBUBAeT HABHIKH CaMO-
CTOATEJHLHOTO OOpAIEHNsl € HM3YYAEMBIMH O0BeK-
TaMu.,

Tuapu «Teopust MHOKeCTB» U «]leficTBATONBHbIE
4yCiian MOTYT HPeAMecTBOBATh Cepbe3HOMY KYpCy
MaTeMaTHuecKoro amajusa. JlaabHedmne rilaBhl
KHHTH [13JIAraf0T MaTepuasi, OOBIYHO BXOAAMMA B
Kypc Teopnn QYHKIUN UNK «JONOJHNTENbHLIX IJaB
aHAJI13a».

Kanra nmpepHasHaueHa [jisi CTyHEHTOB M ac-
OIpaHETOB MAaTeMATHUYECKUX OT/AeJeHMH (yHUBepCH-
TETOB, HEAUHCTUTYTOB M BY30B C MAaTEMAaTHYeCKH-
MU CIenyaJbHOCTAMM).

B kumre 13 pucynkos.



OIJIABJIEHUE

IIpepucmoBue . . . . .
TJIABA1
Teopus MHOKECTB . . . . .

. MuOKECTBA . . . . . . e e e e
. BzauMHO OffHO3HAYHOE COOTBETCTBHE . . . . .
. Omepanum HAJ MHOMKECTBAMHA . . . . .

. CueTrHBIE MHOJKECTBA . . . . .

. MomrOCTH . .

. Apudmerura Mom;HocTeu ..... .

. Ipunoxenne apudMeTIIKH MOMHOCTEH .

. Pazbmenne ma KJIacCH . ..

. O mapagoxcax TCOpPHH MHOKECTS . . .

LR OB LB OB OB B LD LD
© 00NN U™ WD >

TJIABA2
HeiicTBATE/IBHEIE YHCIA .

§ 1. Harypaabepe umcaa . . e e e e e
. I{exs mocTpoeHus omnnathe cBOMcTBA nen-
CTBUTeJIbHBIX YMCed . e

. Onpepiesenne NeHCTBHTEILHBIX IHUCET . . .

. BepxHsa rpaEuna ¥ BepXHAA I'paHb . .

. OTpuuareJbHEE YHCIA
. Apudmerndeckue feHACTBHA . .

I[oﬁamlemle K raase 2. Apnd)me'mqecnue nefcTBHA

W W en W W
03014.\03 [\

TJIIABA33

Mepa JleGera . . . . .

. BremHsAs Mepa . e e e e e
. Nsmepumocts (onpenenenne HKapateonopu)
. ANOpoKCHMAINMHM IO BHEINHEH Mepe .

. Mamepumocthb (ompenenenue JleGera).

. AnmpokcmManug OO Mepe . . . .

. Iloxporrwe Buragn . . . . .

. IIMOTHOETDE &+ v v v v v v e e e e e e e

W U LB U WP D gy
N U WN e

10
12
14
20
23
30
34
35

37
37

37
39
4

45

55

55
57
61
61
62
64
67



TIABAY4

NamepnMbie QyHEDUI . .

§ 1. Oupepesenne 1 OCHORHEE CBOMCTBA M3MEPHMBIX
¢oyEKORE . . . . ... ... .. AN
§ 2. ANNDpOKCHMATHBHAA HENPEPRBHOCTH . . .

§ 3. IpomsBogHKe TMCAA . . . . . . . e e e
TIABAS

TpanepunnTHr . . . . . . . . . . . . ..

. YoopsafoueEHEe MHOMKECTBA . . . . . . . .
. Boonxme ynopsgo4YeHHHE MHOKECTBA

B ¢
. ITocTpoenne MHOKECTBA ClefyOmel MOIMHOCTH
. TpapchuAnTHASA HHAYKOHA . . . « . . . .

. Hoerymar puGopa u TeopeMa O IOJHOM yIO-
PAROUCHHE . . « &« v v ¢ o o o o o o ..

. IIpnaomenns mocrynara BriGopa .
. Harypaapewii pag . . . . . . . .

wn WP WD WO W o OB R
1= IR, I P CIrEN

[ L)

71

st

82

94
94

97
100
103

108
110
115



IPE{ACJIOBHUE

1. Teopus ¢ymxomit peiicrBuTensHOro mepemennoro (TdIII)
nosiBAIachk Ha pybeske 19—20 pexos. Ona GBiIa BHI3BAHA IOTPeGHOCTHIO
000CHOBATL MATeMaTH4eCKUI aHAJIA3, 3aTeM CIOKAIACH B CAMOCTOATEI -
HY0 OUCOUIVIAAEY H IAaKOHEI[, CTAB OCHOBOH MATEMATHMKH B LEJOM,
HOpOJAIa HECKOJBbKO pAa3JesiOB MaTeMaTHKH.

Meropst TO I cBoeobpasusl — oHU TpeGylOT B Goibmieil cTemeHn
yMeHHsi 00pamaThea ¢ 00BEKTAMM TEOPHM, HEKeJW SHAHASA Pe3yibTa-
TOB, MJIN BIAJICHAs amnaparoM. IIpome Bcero Taxkoe yMeHme ImpHoGpe-
TAeTCA HA KOHKperHOM Marepwane. Iloatomy TO/II obmamaer cosep-
UIeHHO HCKJIIOYHMTeNBHOH HATJIAKHOCTHIO, HO OCTaBjseT 0600menns
APYTHM pasfejaM MAaTeMAaTHKH.

2. TlepeiifeM K OTIeABHKIM IJIaBaM, YTOObI AATh CHELMAIACTY Lpefi-
craBieHne o0 9TOil KHHTe.

2.1. Wsydenne TEOPHA MHOKECTB He MOKeT OLITH HAYATO CAMLIKOM
paso. /1 mepBas riaBa HAIHMCAaHA TaK, 4TOOHI IIPEMUIECTBOBATH KYpCY
agagmsa (OJisi 9TOr0, HAOPHMep, KOHTHHYYM BBOJHTCA KaK CHCTEMA
MNOAMHOKECTB CYeTHOrO MHOKecTra). [Io HameMy OIEITY TEOpHS MHO-
JKECTB Da3BHBaeT MaTeMaTHYecKyl0 KYJbTYpy yyamerocs 6oiee WHHIX
OECLMIINAH, a 3aTpPateHHOe BpeMs ¢ JMXBOM OKYIIaeTcsi HpPH MPOXO-
JKIeHMM Kypca aHanmsa.

Jlpyroe oTaMyme HAINETO M3JIOKCHHA COCTOHT 3[leCh B CHCTeMAaTHye-
CKOM MCIOJb30BAaHHHE apHPMETHKA MONIHOCTEH.

2.2. B mOCTpOEHMH [eHCTBUTEIHHHIX YHCEN MH CTPEMHJIHNCH K
HATJAMHOCTA, W IOSTOMY BBCIH YHUCIA KaK jgecATHYHEe npobm. Ilpm
9TOM MBI BHIOJHHJIN HPOrpaMMy, HaMmeueHHyI JleGeroM m 9acTH4IHO
pa3suryio Bamie-Ilyccerom. Ha HTOM myTH Jerko yCTaHOBHUTH Cymie-
CTBOBAHHMEe TpaHeil M OmpefeJHTb apuPMeTHUeCKHe NedcTBHsa. UTo
KacaeTcsA MOKAa3aTelbCTBA ANre0pamyecKUX TOJKAECTB (HAmpuMmep, mu-
CcTpEOYTHBHOCTH), TO, BHONpAas MEKIY aKCHOMATHYECKHEM IOCTPOCHHEM
JNeHCTBUTEJIbHEX UHces (KOTHAa »TH TOMKAECTBA IOCTYIHPYIOTCSA) M HY.-
HOH IpPOBEPKOH HTHX CBOHCTB, MBI NpPefIOYWIN IIePeYNCINTh ajre6pan-
9geCKHe CBOMCTBAa B KauyecTBe HE[OKABaHHLIX TeopeM. ¥ JameMycsi mpef-
CTaBJIAETCSH BO3MOKHOCTH JImGO CAMOCTOATENLHO [OKA3aTh BTH TOMKMIE-
cTBa, JB6O BePHYTHCS K HAM IIGCJE TEODPHH NPEJEJOR M HelpepPHBHEIX
¢yBEROUH (He MONB3YIOMAXCA NMHA) A HARTH B NPHJIOKEHAH KO 2-i ria-
Be eCTeCTBEHHBE [0Ka3aTeJbCThA.

2.3. Ilpu nocrpoernn mMepsl JleGera Mol CTPEMAIACH K 9KOHOMHOCTH
H3JI0jKeHAsA M Ipefnociaid ompepexenmio Jlebera ompenenernme Kapa-
Teomopr. Ha 5T0oM HyTH Jerko moxydaercs M3MepHAMOCTh 00beMHEHHA
(M3MepHEMBIX MHOKECTB) H OCYINECTBIsIETCH BO3BPAaT K OIpefeJeHHI0
U3MepHEMOCTH, JaHHOMY cammEM JleGerom. Pyxomuch mepBoit wacTm 3-i#
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raasst opouea M. fI. Bainmreiitn. Ero coBeTs s ¢ 61aroflapHOCTLIO BHI-
HOJIHII.

Bo BTOpOIt wacTn 3-if riaBH COMEPIKUTCA AOKA3aTCIABCTBO TEOPCMBI
0 TOYKaX INIOTHOCTI (M TOYKAX BHEINHEI IIOTHOCTH HEeI3MEePHMBIX MHO-
JKECTB).

2.4. Bo BTOpoil yacTH riaBel 4 MH W3jaraeM acCHMMHOTOTHYECKYIO
HeIpepHBHOCTh, HE ONHpAsch HA IOHSATHE WHTErpaJa.

B Tperbelt wactd aToif riaBH Teopema JlaHKya fgoxasmBaercs 6es
HOpefnoJioKeHnd 0 usMepumocrn (QyHKIEA, HOCKOIBKY TaKoe [OKasa-
TeJBCTBO OKA3HBAETCS CAMKM IIPOCTHIM.

ITocTpoerneM BTOPOX YacCTH IJaBH 3 M BTOPOH M TpeTwheil wacTei
raaBH 4 MH 06sa3amE A. C. Kporpony, KOTODPHA IIPH IIOCTPOEHUH Teo-
pEn QYHKOHA ABYX [eHCTBATEILHHX IEPEMEHHLIX [OBeJ J0Ka3aTelb-
cTBa TPyAHHIX TeopeM Merpuyeckoir TOII mo ecTeCTBEHHHIX CIeACTBHI
onpenelennss Mepn JleGera.

2.5. TparcmranTs He BXoAsT B ob6s3arenpHsie Kypest TOMII, HO
MOTYT IPHUTOMMTHCA /IS CTY/IEHYECKHAX CIENKYPCOB M CIEICEMHHADOB.
Mur yneansa®m MHOIO BHHMAHNsA MOCTPOCHHIO IT0 MHAYKUIMH. [ TpaHc-
(UHATOB OHO, KOHEYHO, He CIOKHee, YeM NJs HaTypaubHOro psaga. Ho
¥ A HATYPaJbHOTO PARA €ro PefKo IIPOBOJIAT AKKYpPaTHO.

3. I nNyEKTYyanbHO NepenHCHBajg HamWboJee YHAYHHE MeCTa H3
CIeNYIOMAX KHAT:

®. Xaycmgop¢. Teopus MHOKECTB;

II. C. AnexcamgpoB mA. H Koamoropo B, Beege-
HHe B TEODHI0 MHOKeCTB M (PyHKIWii;

II. C. AnexcamnppoB, Beenenue B 00my:o TeOpHI0O MHOMKECTB
7 QyHEKIMI;

N.II. HaTancon, Beegenne B Teoprio YHKIAA BemecTBEH-
HOHl IIepEeMEeHHOH;

A.H Koamoropos m C. B. ® oMuH, dreMeHTH TeopHH
¢yEkouii 1 GyHEKOMOHAJIBHOrO aHAIABA,

BCIe[CTBAEe 9ero o6s3am ux aBTOopaM Goisee, ueM dT0 OHIBaeT OOLITHO.

A1 6naromapen 0. B. I'epmeitepy, ¢ KOTOpHIM MH HAayYHJIH JpyT
apyra TOMII, pemas 3agauysm B KOPEAOpAX YHABEPCHTETAa. 3HAYATENDb-
HOe BJINsSHUe Ha KHUTY oKasan® Gecemst mo TO QI ¢ A. A. JIanyHOBHM,
H. K. Bapn, [I. E. MensmosuiM 7 II. C. HoBEKOBHM. PeneH3eHTy 3TOii
kauru JI. B. Keagmm s GrarogapeH 3a psaf 3aMe9aHWid, yIyTIIaBIIHX
H3JI0KEHHe.

BMecre ¢ TeM HUKTO M3 IepeIACICHHHX 3/[eCh JAIl He 00A3aH HECTH
OTBETCTBEHHOCTH 33 M3JIO}KEHHEe ero MHICJIeH, pegaKidIo OATAT H TEKCT,
KOTOpHIH MX OKpyscaer.



rqT1ABA 1
TEOPIA MHOMKECTB

§ 1. MuoskecTBa

1. MuosecTBO BO3HHKAET MyTeM OOBEIMHEOHUS OTAEIbHALIX
npeaMeroB (Bemieit) B oHO Heaoe. OHO eCTh MHOKECTBEHHOCTb,
MBEICIUMAs Kak equHcTBo. Eciau 65 9Ty wiau nojo0HEE BRICKA-
3HIBAHMSA BHICTABJAJIACH B KA4eCTBE OIpEefesenuil, T0 MOMKHO
6b110 OBl BO3PA3UTH, YTO OHM OHPERENAIOT «TO Ke camMoe IpH
DOMOIIM TOTO i€ CAMOTo» WJIH JIake «TeMHoe depes eme Oosee
TEeMHOE».

Mu npmMeM B KauecTBe OCHOBHOTO IIOJIO}KEHHUS, UTO BEmn
a, b, ¢, ... 0ocoObIM, He IOMJIEIKAIMUAM OIpefleJIeHnI0 00pason,
ompepensifor Bemps M m uro, ob6parHO, Bempb M ompenesser
BemH a, b, ¢, ... ITO OTHOIEHHNE MBI OyIeM BHpakaTh CIOBAMM:
MHoOKecTBO M COCTOHT W3 3JIEMEHTOB a, b, ¢, ... UTak, MHO-
sKECTBO 33/IaHO, €CJU IPO BCAKYIO BENIb ONpEeJeHO0, BXOMHUT
OHAa B BTO MHOKECTBO HJIK HET.

IMpumepaMu MHOKECTB MOryT CIYKETH: (1) MHOMecTBo,
COCTosilliee M3 TPeX JJIEeMEHTOB: 3TOH CTPAaHUIBI, 3TON KHHU-
M W OpouuIorogHero cHera; (2) muOMecTBo HabopoB m3 13
pemeit mo 7; (3) MEOKecTBO HaTypadbHX amcesx ot 1 go 100;
(4) muOkecTBO atomoB Bomopona B CouHre.

Kaskmoe m3 9THX MHOKECTB COCTOMT M3 HEKOTOPOro HaTy-
pannmoro (T. €. IEJOro TOJOMKUTENHHOTO) YUCAA IJIEMEeHTOB.
XoTd B NaHABII MOMEHT M UPH JAHHOM COCTOAHHMM HAIIAX
3HAHKH HaM Mo;keT OBIThH M HEM3BECTHO, KAKOBO HMEHHO 3TO
gncino. Takme MHOKECTBA Ha3BIBAIOTCH KOHEUMLLMIL.

IMpumepamu GeckoHeUYHHX (T. €. He KOHEYHBIX) MHOKECTB
ABIAIOTCA:

1) MHOKECTBO BCEX HATYPAaJbHHX YHCEN;

2) MHOKECTBO BCEX YETHHIX YHCEN;

3) MHOKECTBO BCeX KpPYIoB Ha IJIOCKOCTH.

Beccmeprras sacnyra I'. Kantopa (1845—1918) B ToM,
9T0 OH OTBA}KWJCA BCTYHHTh B 00JacTs OeCKOHEYHOro, HE
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noboABIINCH HM BHYTPEHHEH, HH BHelIHeir 60pbOLI He TOJNBHKO
¢ MEEMBIMH IaPaJioOKCaMH, ITUPOKO PACHPOCTPAHEHHBIME OPefi-
paccynkamu, opuroBopoM ¢uirocodoB (axTyanbHo Gecrorned-
HOe HEONmpeJeNuMo0), HO U ¢ IperyOeskNenneM, BRICKA3aHHLIM
MHOTMMH BeJqukuM# MmMatematukamn. M oH cTam cospgarternem
HOBOI HayKHm — Teopm:m MHO)KecTB (u00 paccMoTpenue Ko-
HEYHHIX MHOKECTB — He YTO WHOE, KAk dJIeMeHTapHas apud-
MeTHKa H KOMOMHATODHKAa) — HAYKH, KOTOpAas B HACTOAMIEE
BpEeMsl COCTAaBJIAET OCHOBY MAaTEMATHKHU.

2. OTHomeHME MEKHY B5JEMEHTOM a H MioxiecTtBom A
BHPaKaloT pasoii: a ABIAAETCA dieMeHTOM A, win popMyIoi
a = A. B mpoTEBEOM ciydae TOBOPAT: @ He ABIAETCA 3J€-
menToM A, miam mmmyT a & 4.

Ilo onpedesenuio, nBa MHO;ecTBa paBHB: A = B (TOMK-
JECTBEHHH), TOTHA U TOJBKO TOTNA, KOTHA KaKABIH 2JIEMEHT
A siBasietca Taroke u siaemeHToM B, m ob6patHo. Taxum obpa-
30M MHOKECTBO OJHOZHAYHO OIPENEeNseTCs CBOMMU DIEMEH-
TAMH W He MO’{eT COLEep;KaTh OMMHAKOBHIX 3JIEMEHTOB.

MHoxecTBO 0003HATAIOT €T0 HIEMEHTAMH, 3aKII0UYeHHKIMA
B pUrypHHE CKOOKM, IpUYEM HEBHIINCAHHLIE JJIEMEHTH 3aMe-
HAKT TOuKamu. Tax,

A=1{a), A={a, b}, A={a, s k}

CYTh MHO;KECTBA, COOTBETCTBEHHO COCTOSINME M3 OXHOTO dJe-
MeHTa a, ABYX 2JEeMEHTOB a ®m b, Tpex niemeHToB a, S, k;

A= {a, b, ¢ ...}

€CTh MHOKEeCTBO, COCTOAMEe M3 3JIEeMEHTOB a, b, ¢ M, MoMKer
OuTh, eme HeKOTOPHX Apyrux. HakoBw atu mpyrume, o6o3Ha-
YeHHHEE TOUYKAMM JJIEMEHTHl, MOKHO OHTH, KOHEYHO, KaK-
HEOYyOp YyKazaHO, HAIpUMEp:

MHOKeCTBO HaTypadbHHX umcex {1, 2, ...},

MHOKECTBO HATypalbHHX YeTHHX umcenx {2, 4, 6, ...},

MHOKeCTBO KBajipaToB meawx gmcex {1, 4, 9, ...},

MHOKeCTBO mpocTeix gmcex {2, 3, 5, 7, ...}.

Bupouem, game Bcero sammch A = {a} mOKasnBaeT, 4TO
saeMeHTH A GyayTt o6o3HauaThcsa OyKsoil a.

Teopermueckm HaAf0 pasiW4aTh JIEMEHT @ M MHOKECTBO
{a}. cocrosimee U3 eIMHCTBEHHOT'O 3JEMEHTA @, XOTA OB mO-
TOMY, UTO MHOMKECTBO MOKET COCTOAThH U3 DJIEMEHTOB, KOTO-
pHe camn SBIATCI MHOKecTBamu. MuoxectBo a = {1, 2}
COCTOUT 13 ABYX diaeMentoB 1, 2; Ho MHOmecTBO {a} cocTomT
U3 OJHOrO 3JIeMeHTa q.

8



Hnsa ynmobcTBa BBORUTCS TaKKe nycmoe MHOKeCTBO 0,
KOTOpOE He COIep:KHT djiemMeHToB. PaBenctBo A = 0 o6o-
3HAYAeT, 4TO MHOKECTBO A He COJEDIKHUT DJIEMHTOB, T. €. YTO
oHO — mycToe. Ecam 6m MBI He BBeJHM IYCTOrO MHOKECTBaA,
HaM YacTO IPHILIOCH G, TOBOPH 0 KAKOM-HEGYIH MHOIKECTBE,
npn6aBiasATL OrOBOPKY: ecam oHo cymecTByer. W6Go wacto
BJIEMEHTH MHOKECTBA OHBAIOT OIpEAENeHH TaK, UTO He M3-
BECTHO, CYMECTBYIOT Ju oHu. HanpuMmep, He H3BECTHO, IIYCTO
HJIE HET MHOKECTBO HATyPAJbHEIX YHCeN n, IJIA KOTOPHX ypas-
HeHHme z™? - y™? = z"*? pa3pemEMO B HATYPAJIbHRX 9YHC-
nax. Takum oOpasom, BBeJieHHe IIYCTOI0 MHOMKECTBA IPONHK-
TOBaHO TeJec006pa3HoOCThI0 (KaK | 9UCaa HYJb). 3aTO Teneps,
npu GOPMYJIHPOBKE HEKOTOPHIX TEOpPeM, IPHAETCA OroBapH-
BaTh, 4TO YNOMHMHAEMbIe B HEX MIOKECTBA He HYCTH (TakK iKe,
KaK 9TO NMPHXONUTCA MeNaTh IJIs THCeN).

Ecnuz kasxppiit saemenT MHOecTBa A ABISETCA dJEeMeH-
TOM MHO)KecTBa B:

Vul(u= A)= (v B,
T0 A HA3HBAWT nodmHomcecmeom B m mmmyT
A C B um B D A.

Ecim A & Bu B C A, 10 mo paHee BBeeHHOMY oIpefeJe-
gm0 A = B. OrmerEM eme, 9To mofMHo:KecTBamm A ABIA-
0TCA: CaMO MHOKeCTBO A ¥ ImycToe MHOKECTBO

AC A, 6 A.

HeficTBUTeNIBHO, [OAA OYCTOr0 MHOKECTBA COOTHOINEHH®
«ecam n < 0, to n = A» Bumouangerca camo coboit, m6o 0
HE COJEPIKAT DIEMEHTOB *).
Eciu A € B, 50 A == B, T0 mnmyt A — B m HasHBamoT
A cmpozum nogmuokectBoM B. OTHomeHme  TPAaH3UTHBHO,
T. e.,
eciu ACBu B C, 0o ACC,

TPAaHRATHBHH TAaKKe OTHOMEHWe C. U OTHOIICHHe =.

3 amavun. 1) CKOIbKO W KaKUX MOAMHOMKECTB MMeeT MHOKEeCTBO
A ={a, b, c}?

*) Toumee roBops, BTO YTBepP:KIeHHe CIpaBejINBO MOTOMY, 9YTO
yeaosne n & 0 HuKorna He nMeeT Mecta. Ecni p m ¢ — ABA CYMJIeHNs,
TO yTBCPIKAEHHE «eCII p BEPHO, TO | BEPHO» (113 p cjlejlyeT g) BEPHO BCA-
Knit pas, KOrAa p HeBepHO. VI3 HeBepHOIO CYK/EHUS CiaefyeT Jo6oe
Cy;KIeHHe: eCHH 2.2 = 5, TO CYMECTBYIOT BeJbMEL.

9



OTBerT. 8 mMeHHO:

6, {a}, {b}, {c}, {a, B}, {a, ¢}, {b, ¢}, {a, b, c}.

2) CKOJIBKO HOAMHOKCCTB MMeeT MHOKECTBo A, cocTosmee U3 n
3JIeMeHTOB?

OrBerT. 2" [lna poKasaTedbCTBA PACHOJOKMM 3JIeMeHTH A
B KakoM-HHOyne mopafke u obosmawum {ay, a,, .., a,}. Pacecmorpum,
Jdanee, Bce IOCJEAOBATENbHOCTA | W3 »n HYJCH W ¢AMHHI, TaKHX IO-
clegoBaTedbHOCTell Oymer 2™ *).  Kammoir 1ocicoraTeJbHOCTH [
MO}XKHO OTHEeCTH HOJMHOKeCTBO A, comep:kamiee (He Cofieprkamiee) dJie-
MEHT aib ecJH Ha i-M MeCTe IIOCJIeROBaTeNbHOCTII ! Haxoamrca 1 (Haxo-
narca  0).

§ 2. BzauMHO OgUHO3HAYHOE COOTBETCTBHE

ITorsiTme B3amMHO OHO3HAYHOTO COOTBETCTBHSA, OTKPHITOE
Kanropowm, sBIseTCA 0CHOBHRM HHCTPYMEHTOM HCCJIEN0BAHUSA
OGECKOHEYHHIX MHOKECTB.

ToBopar, uro mBa MuO:kecTBa A u B moxncHo nocmasumb
80 63AUMHO 0OHO3HAUHOE cOOMmEemcmeUe, €CIH MOIKHO KasKI0OMY
aJIeMeHTy a & A mOCTaBHTHb B COOTBETCTBHE (OOUH) 3JAEMEHT
b & B rakmM o0pasoM, 94TOOH npu smom KaKIHI DJIEMEHT
b &= B cooTBeTCTBOBAX KaKOMy-HHOYIb 3ieMeHTY a & A
¥ OPHUTOM ENMHCTBEHHOMY. B 3ToM ciygae roBOPAT Takke,
aro A u B skeuseasenmny unu 9vo A u B umerom odurnarosyio
MOWHOCMYb, W MHUITYT

|A| = |Bl

ITousitAe B3aWMHO ONHO3HATHOT'O COOTBETCTBIISI MOKHO HECKOJBKO
dopmainnsoBars. Jaa aroro BBemeM MNoHsATIe napu (a, b). JIBe maph
(a1, b1) u (a,, b,) cyHTarOTCA OAWHAKOBBHIMU, €CIH a1 = a4y B by = b,.
TaknM obpasom, npu a == b naps (a, b) u (b, a) — pasaAIHKE HapPH
(B oTIMYMe OT MHOKecTB, {a, b} u {b, a}).

MuosxkectBa A B B MOKHO IIOCTABUTH BO B3aMMHO OJHO3HAYHOE CO-
OTBETCTBIie, eCJIH CyMecTByeT Takoe MAOkecTso F = {f} map f = (a, b),
B KOTOpPOM

1) rampas mapa f = (a, b) u3 F uMeer JeBHii dieMeHT U3 A 1 npa-
BHH u3 B;

2) KakOnil 37IeMeHT a & A ABIAETCA JIeBHM 3JIEMeHTOM ONHOH H
TOJBKO OfHOH HapH f & F;

3) Ka[wli 9ileMeHT b € B aBiseTcs NpaBHM 3JeMEHTOM OJXHOH I
TOJIBKO OfHOE mapw f & F.

*) Ilpn n = 1 Takux mHociemoBarenbHOCTeir 2 = 2! (umeHHO: 0
m 1). IIpm BospacTaHHM n HA eJMHUIY YUCJIO HOCIENOBaTeJbHOCTEMH
yABamBaeTcsA, MO0 KaKAYI0 MOKHO HPONO/KHTH ABYMA croco0aM,
mpumicas copaBa 0 mam 1.
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Ecow A= {a}, B = {b} m |A| = |B|, To cymecrByet
¢yakiua b= ¢ (a), xoTopag KayKKOMYy »siemeHTy a & A
CTaBHT B cooTBercTBHe dideMeHT b = B. Qyukuumsa ¢ ompe-
JelieHa s BceX a & A, nmpuHmMaeT Bce 3HaYeHHsas b = B
1 @ (a) + ¢ (ag), xor;ma a, + a,.

Ecnn muoskectBa A m B KoHewnH, To paBeHcTBO |A| =
= |B| o3HagaeT, 9TO 3TH MHOKECTBA COCTOAT U3 OJHHAKOBOIO
9mciIa 3IEeMEHTOB, H0O KOHEIHOe MHOKeC TBO HelIb3sl B3aMMHO
OIHO3HAYHO OTOOPA3HUTH Ha €ro CTPOroe moaMHOKectTBo. MHa-
ge oOcrout /N0 ¢ GEeCKOHEYHHIMH MHOKeCTBaMH.

Baxuaasagagza. A ={,2,..},B={2,3,..}.
Hdoxasars, uro |A| = |B]|.

Pemenne. Hyxuoe coorBercTBue JocTaBisAeTCA
mHOkecTBoM map F = {(n, n 4+ 1)}, co Bcemm HaTypadbHEIMA
n. MoKHO TakK:Ke CKasaTh: IIOCTABAM B COOTBETCTBHE KajK-
nomy anementy n e A asunement n -+ 1 = B. llpu atom Kamx-
moMy aneMentTy k& B Oymer COOTBETCTBOBATH DIEMEHT
E—1=A.

Emge pas nogaepxHeM: M5 roBopuM, 910 A 1 B 9KBUBAJIEHT-
HH, ecin MeKAY A u B moxncHo yCTAaHOBATL B3aMMHO OJ(HO-
3HagHOE COOTBeTCTBME. W 3TO0 HMCKOJBKO HE MCKIA0YAET BO3-
MOJKHOCTH YCTAaHOBHUTH MeKny osiaementraMmu A m B Ttaxoe
COOTBETCTBHE, 4TO0 diMeMeHTH A OyayTr ucuepmansl, a B B
OCTaHyTCA eme cBoGOJHEIE.

danmauun. Ilyctb a m b — pBe Toukn Ha upsmoii. NHTEepBaIOM
(a, b) (otpeskoM [a, b]) HasEIBaeTCA MHOKECTBO TOYeK IPAMOH, PACIOIO-
/KEeHHBIX MeKIY @ M b, He BKIOYas caMd TOYKA & W b (COOTBETCT-
BeHHO — BKJI0Yasg caMH TOYKH a4 H
b). Ilorasate, 49TO:
1) MHO:ecTBO TOYeK OTpe3Ka M- P
Hoit 1 MMeeT Ty jKe MOIIHOCTH, 4TO H A
OTpe3Ka UIHHOM 2. 2
2) Ecim a3 5= by m ay 5= by, TO

4
|[a1, bi]] = [[a5, b)),
[(a1, ba)| = |(as, b,)]. a, z
3) Hpu a=kb wmHOMecTBO (a, b) z N\ 4
uMeeT TY e MOIIHOCTH, 9YTO I MHOKe-
CTBO TOYEeR Bcell GeCKOHEUYHOH IpAMOH. Punc. 1.1.

4) Iycrs [a, b] — oTpesok pmian-
mvoit 1. Torma | [a, b] | = [(a, b) |

Peme s ue. Pacmonomum orpesru [a;, bi] u [a,, by] Ha mmocko-
CTH, KaK yKasaHo Ha puc. 1.1. Ha mpamoii b,b, 3apHKcHpYyeM TOYKY c,
BHe oTpeska [b1, b,]. Touku z & [ay, b1] u y € [a,, b,] Oymem cuurars
COOTBETCTBeHHRIMHM, eCJIU LPAMAs zy LPOXOANT depe3 ToUKy c¢. Taxmm
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o6pasom, |la;, bil| = |la,, b,]|. AHanornymo pemaloTCs H OCTATLHLIE
3ailauA, KpoMe mocienHer (6ojee TPYRHOIL).

3dameganmume. Iapy (a, b) npu a == b MoxHO ompe-
menuth Kak MmuokectBo {{a}, {a, b}}. Takum oGpasom, mo-
HATHE Tapil CBOJHTCS K MHOHATHIO MHOKeCTBa.

§ 3. Oneparmmm HaJ MHOMKeCTBAMH

O6vedunenues MHOKeCTB A m B Ha3HBaeTcs MHOKECTBO
S=A4 | B (J — sHak obmenunenus),

COCTOAINEe M3 BIEMEHTOB S, KaKIHIA M3 KOTOPHX BXOJMT
xoTaA OH B ogHO U3 MHOecTB A wmam B.
Ilepeceuenuem muoxects A W B HazsBaeTcA MHOKECTBO

D= A N B (| — ssak wnepeceueHHst),

cocTofmee W3 DIEMEHTOB d, KaKAHA M3 KOTOPHIX BXOTUT
B 06a mMEOKecTBa A m B.

Dpumepu. 1) Ecinm A — MHOXKECTBO, 3aIITPAXOBAHHOE TODPH-
30HTAIbHO, a B — BepTuKaabEO, TO A |J B — Bce 3amITpuxoBaHHOE
MHOKecTBO, & A (| B — MHO:KecTBO, 3amTpH-

xoBaHHOe fBaKAH (pHmc. 1.2).

y (] 2) Ecim A — MHOKeCTBO NPAMOYTOJBHH-
[—f KOB, a B — MHOKecTBO poMGOB, TO mepecede-
S HOe A (B — Md0)KecTBO KBajpaToB.
\ \
\ A\
{ Amajormuyso ompepensiorca o0beu-
HEHHWe U nepeced4eHHMe HECKOJNIbKHX MHO-
Pue. 1.2. JKECTB

S=AJB|C, D=4jnBqC.

IIycts mmeercsa mpomsBonpHOe MuOkectBo | = (i}, =
K&KJIOMy { IIOCTABIEHO B COOTBETCTBHE MHOMKECTBO A,.

Torma o0begmHeHEE
S=U 4

COCTOHT M3 3JIEMEHTOB S, KaKOHA M3 KOTOPHIX BXOQHT XOTSA
05 B OfHO W3 MHOXecTB A ;» & Tepecevenne

D = n Ai
il
— U3 3JeMEeHTOB d, KaKIblii M3 KOTOPHX BXOJHT BO BCE MHO-

axecTBa A4;:
seU 4, eum @iel)(s=4y),
d=[)4;, ecam (Vies)(d=4)).

12



Bamerste, uTo MHOKecTBA A, He 0s3aTeNbHO PAsIUTHNL.
E¢mm A N B == 6, To roBopsar, aro A @ B nepecexaiomcs.
B mpormBHOM ciyiae — He HepeCeKaroTCH.
VopakBaernme. IlpoBepsTe TOmuecTBa:
ANBNCO=A4NBNC,
ANBUO=(ANBU(MN O,
AU BNO=AaUBNAUO).
JlokaxkeM miaA mpAMepa NOcieqHee TOMAeCTBO. IlycTh z BXOmAT
B JIEBYIO 9acTh. Tormga
z€eAmwmze B C.

Ecmmzec A, oz € AYB n z € A, 3nauur, xe(AUB)ﬂ(AUC)
Ecau ke xeBﬂ , TO z & " zeC. Torga z&€ A U B
nz&Ad |y C u spamur, &€ (A | B) ) (4 U C). CaepnoBarensso,
z BXOJHT B upanyro 9acTh.

O6parso, myets z &€ (A U B) N (4 U C). Torpma

t€eAUBunreAdAyC.

Eer € A4, 10 z€ 4 | (B N C). Eciu e £ A, To B n
re C. CnenonaTcnbno, z& B C u, 3HauAT, CHOBA Z BXONAT B
JIe3yI0 9acrb.

Pasnocmvio muoskects A u B,

T = A\ B,

HAa3HBaeTCsA MHOKEeCTBO 2JIEeMEHTOB A, KOTOPEIe HE ABIAIOTCA
sjaemenTamu B.

Yopamxunenune. A |JB = A (B\A4). Joxkasars.

Honoanenue. Ecam Bce paccMaTpuBaeMhe MHOMKECTBA,
ABIAIOTCA HOAMHOKECTBAMH OfHOTO MHOKecTBa E (mampm-
Mep, paccmannBan'rca pa3idYHLe MHOKECTBA TOUEK NpH-
Moit), To 9epes A mnu CA o6Go3zHavaeTcs [NOmOJIHEHME K MHO-
secTBy A:

= E \_A.
oo xaxoro muo;kecTBa E Gepercs [omonHeEme — Beermga
HKOHKHO OHTH AICHO M3 KOHTEKCTA.

Yuopaskaennsa 1) Jokaxkure, uro:

2) Mycrs
ANB=6CND=086,

Torpa |A U B|=|C U D |. HorasaTs.
13



3) CNUA=N(C\4), C\ N A4=U (C\ 4;). lokasars.

4) Cummempuueckoti paswocmvio A - B HasmBaeTcs
A4~ B = (A\B) U (B\A4).
JloKa;kuTe accOnUAaTHBHOCTD 3TON omepanyuH, T. €. PaseHCTBO
A—-—B-~-C)=(4—-B)-C.
5) U n 4;; n U A5 Hoxkazarts.
i j j

1
§ 4. CuerHnie MHOKeCTBA

1. MHOxeCTBO HA3HBAETCA CYEMHbLM, €CIH €r0 MOKHO
DOCTABHTh BO B3aMMHO OFHO3HAUHOe COOTBETCTBHE HATYPAib-
HOMYy pamy o = {1, 2, ...}.

CuerHoe MHOKecTBO A y00HO 3aNACHBATH H0CIEN0BATENb-
HOCTEIO ero siaemenToB A = {a,, a,, ...}, 0003HaYas Yepes a,
TOT 9JIEMEHT MHOKeCTBA a & A, KOTODHI COOTBETCTBYeT
9JIEMEHTY n & ®, OPH HEKOTOPOM (HKCHPOBAHHOM B3aHMHO
OfIHO3HAYHOM COOTBETCTBUH MHOKECTB 4 H .

2. CueTHO® MHO)KECTBO MBJISAETCA B HEKOTOPOM CMEICJIe
mpocTeiimiuM u3 (eCKOHEYHHX MHOKECTB. OTO YCTAHABIM-
BaeTCA CIEeAYIOMUMHE TPeMsA TEeOpeMaMH.

Teopewma 1. Beaxoe Geckoneunoe muoxncecrmeo umeem
cuemroe noOMHONCECTEO.

Teopema 2. Beakoe nodmnoxcecmeo cuemHozo MmHo-
HeECMBa KOHEUHO UAL CHEMHO.

Teopema 3. Eciu x Oeckoneunomy mhnoncecmgy A
npucoeduHumMb KOHEYHOEe WUAU CHemHOe, MO NOAYHUMCA MHO-
acecmeo, oxeusasenmuoe A.

HDorxaszareancTtBo Teopemu 1. Ilycrs a; —
KaKoi-HEOyqp sleMeHT GecKoHeYHOTo MHOkecTBa A, a3 —
Karoii-HEOYAs oiaeMeHT GeckoHegroro muoskectBa A \ {a,},
ag — 9J7IeMeHT Bce eme OeckoHeunoro MHO)KecTBa A\ {a;, a;}
7 1. A. IlomapHo pasinmuynsie sJIeMEHTH @, a3, dg, ... CO-
CTAaBJAIOT CYETHOE HOJMHOKECTBO MHOKecTBa A.

HorxasarteanncTrBo Teopemu 2. Ilycts A =
= {ay, ay, ...} cuetHo u B = A. Haiirem cpenu anemernToB B
9JIeMEHT a,, C MEHMMAJbHHIM HOMEPOM £n,. 3aTeM Haiinem B B
9JIEMEHT /i, ¢ MEHAMAJIBHHIM HOMEPOM ny > ny B T. .

Taxum o06paszoM, KayKObH JIE€MEHT a,, UPWHANJIEKADHH
B, monyunr nurexc £ << n M MHIEKCH BHIOPAaHHHIX SJIEMEHTOB
6ynyT unre momupan k = 1, 2, ... Ecan onmcamnwit mpomece
Gynmer GeckomewnniM, T0 B = {an, @y, ...} OKasKeTcA CUeT-
muM. Ecam mnpomecc mcuepmaeT MHOMECTBO B Ha KaKOM-
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HEbyns mare k, T0 B = {a,, ..., a,,} OK&XKETCS KOHETHHIM
(8 wactHOCTH, UpE k = 0 — mycTEM) .
JIlorasatenscTBo TeopeMu 3 GyneT mpWBENEHO IIO3/IHEe.

Yuopasxkuaenne. [Iycre 3amaEa yOnBaromas HOCIAeZ0BaTeNb-
HOCTH MHOMKCCTB
Ao D Al D e

. oo )

Torna w= (T4 U (7 4
i=0 1=0

3. Cuernnie o0beiuHeHNsA CYETHRX MHOkecTB. [laa Hapmue-
HAIEro YCBOGHUS TEOPHH MHOKECTB HYIKHO CaMOCTOATelNb-
HO JIOKa3aTh HEKECIeAylomue BakHEe yTBep:kaendsa 1) — 5).
Bce muO;kecTBa, samamEme B 1) — 5), mpeAamo;araiorcs He
pajeramumMu (T. e. HONAPHO HE IEePeCeKaIOmMUMHUCAH).

1) O6benwHEHNE KOHEIHOIO M CIETHOIO MHOKECTBA CIETHO.

2) O6benuaeHme ABYX CYETHHIX MHOMKECTB CUYETHO.

3) O6penuHEeREe KOHEYHOTO MHOKECTBA CIETHHX MHOKECTB
CYeTHO.

4) O6bepHEHME CIETHOrO MHOKECTBA KOHEYHEIX MHOKECTB
CYeTHO.

5) O6renuHeHHE CYETHOT'O MHOKECTBA CYETHHIX MHOKECTB
CUeTHO.

HoxaszaTensrcTBO yTBep)pgernu i 1)—9):

1) HOycrs A = {ay, ay, ..., a,}, B = {b;, by, ...}. Cnepna
3anyMmepyem sieMenTH A momepamu ot 1 ;o n, a 3aTeM aie-
MenTH B mOoMepamm n + 1, n + 2, ..., nprfaBas 3leMEHTY
br HOBHi HOMep n + k.

2) Iycts A = {a,, ay, ...} w B = {b, b, ...}. OnemenTH
A |J B MOHO 3aHyMepoBaTh B IOPAKKE

a,, by, as, b,...

Tounee: a, moayuaer HoBHii HOMep 2n — 1, a smement b, —
HoMep 2n.

3) Buarogapsa accommaTHBHOCTH omepamEd O0BeIMHEHHS
AYUBUyC=A4 |y (B U C). lloatomy obbenunenue Tpex
CUETHHX MHOKECTB TOKe CYeTHO. AHAJIOTMYHO /OKA3HBAETCH
(I0 EHAYKOWW) CYETHOCTh OOBeSWHEHHA JI0G0r0 KOHETHOTO
9ECIa CYETHHX MHOMKECTB.

4) Ilyets A,, A,, ... KoHedHH. 3aHyMepyeM cIepBa
ameMeHTH A; Homepamu oT 1 o HexoToporo n;, 3aTeM die-
MeBTH A, HOMepamu ot n, + 1 mo mewroroporo n, m T. . Tem

o
caMHM OyNyT 8aHYMEpOBAaHH 9JIeMeHTH o0neguHeHms |J Ay.
k=1
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5) Ilycres A,, A,, ... — cuernrl. OGosmaumm uepes a;,
dJIEMEeHT ¢ HOMepoM ] MHoecTBa A,. JnemenTs obneqmHe-
EEg A = |J A, UpepCTaBIAITCA MaTpHUeH

A11y A1y ooy Arpy oo
azl, 022’ seey azn’ LR RS
An1y Apgy +ovy Appy oo
W mx MO0KHO IOCTaBHTH B COOTBETCTBHE HATYPAaJBHBEIM YHC-

JaM, Kak mofckaswBaer pmc. 1.3. 3aBepimeHue MoKazaTelb-
CTBa MOKHO OQOPMHUTHL ABYMS cmocobamm:
(e <)

7 IZ 51 ™
an6o paséure A = () A; ma ) C, 06%-

4 31 61. i=1 k=1
efUHeHWEe KOHEYHHX MHOecTB Cj, OTHECA
g 9 7|. ¥ Cr snementsi A, monapmmde B k-10 paMKy

puc. 1.3, m Bocmoanp30BaThCA HyHKTOM 4);
o e e . ambo pasbuTp HATYPANBHHEA DPAX ® HA
Puc. 1.3, CYETHOE TUCJIO CIETHHIX MHOKECTB ©1, Wy, ...
¥ IOCTaBUTH BO B3aWMMHO OJHO3HAYHOE COOT-
BetcTBme ®, 1 A;. Tem camum Gymet noxyweno
CooTBeTCTBHE MexAy BeeM A = | 4, ® 0 = | o,.

B mepBom cmocobe

C, = {au}’ C, = {alz’ g2y g1}y o
Cr= {aﬂh QAo hy «o+y Qhky Akly ARYy o) ah,k-—l}, oo
Bo BTOpoM cmocofe ymo6mo BBecTH

(01 = {1, 3, 5, ...},

0, = {2, 6, '10, b

rge ®; COCTOMT H3 9JHUCed, AeJAMUXCA Ha 21_1, HO He Jnenasa-

muxca Ha 21,
4. loxasateanrcTBo Teopemu 3. Ilycts 4

6eckoneuno, B koHedno mam cuerHo, C = A | ] B. Ypamum
u3 B snementnt A, T. e. BBeeM B; = B \ A. Torga C =
=A B, npmuem A | B, = 0. Pazo6eem A Ha cuerHO®
A, m ocratok 4,:

A=A, J A,, upuuem A, N 4, = 6,

C=4,y (4, U B,), upmaem 4, N (4, U By = 6.
MmnosxectBo A, |J B, cuerno. OroGpasuB ero ma A, m oro-
6pasmB A, Ha ce6a, M orobpasmm C Ha A.
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5. Bynem roBopuTh, 9TO MHOKECTBO, He 60.ee Yerm CHemHo,
eCIX OHO KOHEYHO WJIH CYerHO. Torma yiBepkmconuma 1) —
5) MOIKHO CcllesIaTh YaCTHHME CJIYYasiMA CIELYIOMEl TEOPEMBI.

Teopewma 4 O6ovcduncnue He 6oaee uem cuemHozo
Habopa He 6oace YeMm CHEMHBIT MHOHCECE He 604ee HeM CHEmHO.

HoxasareancrBo. Ilycrs I = {i} ue Goree uem
CYETHO W KaKEOMY i COOTBETCTBYeT He (oiiee 4eM CUeTHOe
muosxectBo A,. Hamo mokasars, uro A=|[J A, Toxe He Gonee
geM cueTHO. J[OKasaTenbCcTBO YIJIMHAETCH M3-3a TOTO, 4UTO
MHO)KecTBa A, MOryT mMmeTh obmme >JIeMEeHTEI.

Mosxno cumrars, ato [ = {1, 2, ...} Gecromeuno, momos-
amB (ecnm Hamo) HabGop A; MycTHIMEH MHOKecTBaMH. DBemeM
B,=A4, B,=A,\ (4, U A, U ... J Ay mna i > 1.

Torga A = U B;. Kaxmoe B, me Gomee ueM cweTHO

1=1
(xax mopmuoscectBo A;) u Bece B, He mamzeraiwT. Temeps mHo-
mecTBa B; MokHO pasbuTh Ha [Be TPYNNE: KoHewuHBle [
u cyetHue B;». O6a o6pequnenns

A'=()Byn A"={J Bp

He Oonee gem cuernul. IlepBoe — kax o6nefuwHenwe He Golee
9eM CYeTHOro HaGopa HeHaJerawiquXx KOHEYHHX MHOKECTB.
Bropoe — kar oGpemunenme He Gosee deM CUETHOro HaGo-
Pa He HaJerawmux CYeTHHIX MHO;kecTB. Haxomenm, A =
= A"|JA" Toske me Gosee ueM CUETHO.

6. IlpomomkuM HByueHme CUETHBIX MHOKECTB.

1) MHOKeCTBO map 3J€MEHTOB CUETHOTO MHOKECTBA CUET-
Ho. [eiicTBHTENBHO,

A={(ivj)}1 PJIeiEmnjEm-

Honaras A; = {(, 1), (i, 2), ...}, mmeem

A =[] A; n moboe A; cuerHo.
i=1

2) MHosxecTBO LeNHX 4HCeN CueTHO. [leficTBUTENbHO, OHO
TIpeficTaBIsAeTCA OOBENMHEHHEM TPeX MHOKECTB — HOJIOMKH-
TeJBHHEIX MEJHIX 9MCeJNl, OTPHHATENbHKX MEeJHX YHCeN W MHO-
JKeCTBA, COMIEP;KAIMEro ONWH 3JIE€MEHT — YUCJIO HYJIb.

3) MEO;kecTBO R NOJNOMMTENbHHX PANHAOHAIBHHX YHCEN
cuetHO. [leificTBUTENBHO, pamuoHadbHOe 4mcao r > 0 mpen-
CTaBAAETCA eNUHCTBEHHHIM 00pasoM HECOKpaTuMo#d APoOBIo
r = m/n u, ciefoBaTenbHo, napoi (m, n) 4UCex m, n U3 @.
Tem camnum R 9KBHBaJIeHTHO HEKOTOPOMY OECKOHEYHOMY
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ODOAMHOKEeCTBY MHOKeCTBa HIap CYeTHOI'0 MHOKeCTBa . ,I[a.nee,
KaK H B CJyd4Yae IeJbIX YHACeJ, MOXHO IOJNYYUTHh CYETHOCTH

MHOKECTBa BCeX (a He TOJBKO MOJOKHTEIBHHIX) PamEOHATE-
HHIX YHCeN.

3 a xavva. B ammk onyckaor 10 mapoB. 3aTeM ofuH map U3 AMHU-
Ka BHIEEMaT. CHOBa onyckaoT 10 mapoB m CHOBAa OAMH BHHMMAXT H
T. . c4eTHOe 4ncio pa3. CKOJBKO MAapoB OCTAHETCA B AIMMAKe?

O 1 B e T. He onpeneneno. IlycTs, HampuMep, MIapel GRIIN 3aHYMe-
poBaEn guciaamu 1, 2, ...

PaccMoTpuMm 2 BapmaHTa.

B mepBoM BapmaHTe:

1-it mar — omycrmim mapa Ne\e 1 -+ 10, BumEymm Ne 10,

2-#t mar — onycrmiu maps NeNe 10 + 19, suayan Ne 19,

3-# mar — omyctunu mapsl NeNe 19 +- 28, peimyam No 28 m T. ..
Torpma B amuke cobepyres Bce mapu Nee 1, 2, ...

Bo BTOpOM BapmaHTe:

1-it mar — omyctmim maps NeNe 1 % 10, seEyIm Ne 1,

2-fi mar — omyctmiau mapsl NeNe 11 <+ 20, Bumymm N 2 m T. A
Torma B Am@Ke BOBCe He OCTAHETCS IAapoB, G0 KayKAHA map (¢ HOMe-
PoOM n) Ha ompefielleHHOM Imare (HoMepa n) OHJ BHHYT M3 gmuKa # 60-
Jee B Hero He BO3BPAMAJCH.

7. Komeunoe MHOKECTBO He MoKeT OHTH HKBHBAJIEHTHO
CBOEMY CTPOTOMY IOJMHOKECTBY. JTO [OKa3HBaeTCA HHIYK-
nmeit mo wmexy n ero saemenToB. HaoGopot, mwGoe Gecko-
HEYHOE MHOKEeCTBO A OKBHMBAJEHTHO HEKOTOPOMY CBOEMY
CTPOTOMY LOAMHOKeCTBY. JleficTBUTENIbHO, BHAEIUM 3JIEMEHT
a, = A u nonokmm A, = (A\{a,;}) C A. Torna A, sxmm-
BanenTHO 4, mbo A, GeckoHedHO.

8. Bce 0OecxkomeuHBIE MHOKECTBA, IOCTPOEHHEIE OO CHX
mop, GeiEm cueTHHIMH. JIerKo mpefBHAETH, YTO W MHOTHE
Apyrde W3BeCTHHe HaM MHOKeCTBa OKa)KyTcs cueTHH. Ilopa
3alyMaThCcsA, OHBAIOT Ju BooGmle HecueTHHe *) MHOKeCTBa.
Ecnm Bce OecKOHeYHEIE MHOMKECTBA OKa;KyTCA 9HKBUBAJEHT-
HE, T0 OyfeT cupaBefiuB IMHUPOKO PacOpPOCTPAHEHHHIA Ipefi-
Paccyiok, 910 66CKOHEYHOCTh €CTh TOJBLKO Iojioe, Te MO/ ai0-
meecA faibHeHNIeMy MIOAPAa3[eleHnI0 OTPUIAHHE KOHEYHOTO.
M Torma Teopms MHOKECTB OKaKeTCA Geccofiep;KaTeabHOH, a
OOHATHE B3aHMHO OJ{HO3HAYHOTO COOTBETCTBHA — Gecmo-
JIe3HHIM.

B caenyomem naparpade GymeT mocTpoeHo MHOro 0Oec-
KOHEYHHX HEOKBHBAJeHTHHX MHOoecTB. Ho yme ceitgac
MOKHO LIPeBHMIETH, YTO MHOKECTBO TOYEK OTPe3Ka HecueTHO.

*) B panbHefmeM wmecuemuum HA3BIBAETCA JWINL OCCKOHEYHO®
MHOKECTBO, HE SDJISNICECA CYETHHIM.
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Nwmenno: nycTs 3aman orpesok [a, bl m cueTHOE MHOKECTBO
Trouer S = {z,, Z,, ...}. Torpa maitgercsa rouxka r < [a, bl,
z £ S.

JeiicrBureasso, Ha [a, b] Moxuo B3are orpesok [a,, bl
nauHOI MeHbme 1 m He comepskamuit Toukm z;. Ha [a,, b,]
B3ATH OTPE30K la,, by] mammol Membme !/, @ He copep:ka-
muit z, u T. . Takum oGpasoMm mocTpoeHa mociIeT0BATEIND-
HOCTb OTPE3KOB

la, b] = [a;, b] = [a,, b)) = ..., (*)

BJIIOKEHHHX JAPYT B Jpyra, ¢ JJAHHOH, cTpeMameicsa K HYJIO,
npugeM

z, & la,, b,] npm aw06om n = 1, 2, ...

Ilo msBecTHOIT reomerpuueckoil axcmome (Hamrtopa) oTpeskm
(*) mmeroT 00my TOUKY Z:

z & la,, b,] npu awéom n =1, 2, ...

CienoBaTelsHo, £ =~ ¥, HE IPA KAKOM A.

K coxanenuio, 5ToT mpumep onmpaercs Ha reoMeTpUde-
CKYI0 aKCHOMY; MBI IPENIOYNTAEM CTPOUTH '€OMETPHIO, OIH-
pasch Ha TEOPHIO MHOYKECTB, a He Haob6opoT.

Bot ppyroit (ma camom fere ToT jKe), y:ke apupmermuec-
KMii, TPAMep HeCIETHOT 0 MHOKeCTBa. PacCMOTPAM MHOKECTBO
M = {(m,, my, ...)} Bcex nocaedogameavrocmeis (my, my, ...)
u3 HyJne# m emmHmI: kKaxpmoe m; = 0 mim 1.

IIpennonosxum, aro M cueTHO, T. €. KAKILOMY HATypalb-
HOMY n B3aHMHO OJHO3HAYHO COOTBETCTBYEeT HEKOTOpas mO-
CJIe[OBATEIBHOCTD (Myy, Mpg, ...) M3 HyJeld W eIWHHI:

1 (m111 myg, e)s
2 > (mzh Moo, "')’

BrinumeM nociefoBaTeIbHOCThL «IMATOHAJILHEIX» 3JIEMEHTOB
po= (my, ma, ..

u COCTaBHM IHOCJHEJOBATEIbHOCTH, BC€ YICHBL KOTOpOf[ OTJINY-
HBl OT COOTBETCTBYIOIIUX YIEIIOB W. Nmenno:

v = (1 - mll, 1 - In22, ...)-

vV ABIAETCSA HOCIeA0BaTeIbHOCTHI0 H3 HyJIOﬁ U eJquHMHII. Ho
OHa Heé MOMeT COOTBETCTBOBATh HHUKAKOMY HAaTypaJdbHOMY
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queny n, u6o B cayuae n <> v 6o O6H m,, = 1 — m,,.
ITonyuenHOe mpoTEBOpeYme mnOKaskBaeT, 9T0 M HECIETHO.
ITpmeM, mcmonb30BaHHEHI HIpPU JIOKAa3aTEJBCTBE, HABKBAETCH
EQHmMOPOo8ckoli Ouazonasbio.

§ 5. MougnoeTn

1. o cmx mop MH TOBODHIM O pPaBEHCTBe MOMmMHOCTEH
|A| = |B| (r. e. 00 sxBuBaseHTHOCTH MHOKecTB). IlommiTa-
eMCsl BBECTH CPABHEHHE MHOKECTB II0 HX MOI{HOCTH.

ToBopaT, 9T0 mowrocmv mHoncecmea A mernbue mowHocmu
muoucecmea B, m wmmyr |A| < |B|, ecau |A|==|B| u
cywecmeyem B, — B, 8aa xomopozo |B,| = |4]|.

3amuces |A| > |B| osmasaer, 4qro |B|<|A|; 3a-

muck |A| <<|B| osmagaer, uyro |A| = |B| mm |A]| <
< |B]| (1. e. aro cymecTtByer B, = B, gus kortoporo |B;| =
= |A]).

Ecmm |A[ < |B| u |A|=|A*|, |B|=|B*|, 1o,
oueBngno, |A*| < |B*|, Tak uro coornomenne |A| <
< | B| saBucHT aums oT MomgHOCTH MHOKecTB A u B (a He oT
OPUPOAH HMX 3JEMEHTOB).

Hanee, ecniu |A| < |B| u |B| < |C|, 10 |A|<]|C]|, Tak
4TO0 COOTHOIIEHWE MeHbule TPAH3UTUBHO.

Kak 6miTh, omHako, ecam oxaxerca |A| < |Blu|B| <
< |A|? HeB03M0OMKHOCTH TAKOTO CJIydas IHOKa3HIBaeT

Teopema 0 cpaBHEeHHH MOIMMHOCT e i:

ecau |A|<|B| u |B|<|Al, mo |4] = |B|.

Teopeme MoMHO TpHAaTh W JPyrHe, OYeBHAHO, IKBHBA-

JeHTHHE (OPMYIHPOBKH:
mepasenctBa |A| < |B| u |B| < |4| mcrio9anoT Apyr

Apyra;
ccnu | A|<|B|<|C| m |A|=|C|, T | A|=|B| =C].

HoxasarteasnctBo. Ilycts Ay m B, — fBa MHO-
mecTBa, A; m B, — BX DOAMHOKECTBAa, IpUIEM

Byl = |4,4| m |4,]| = | Byl

ITpn B3amMHO opHO3HAYHOM oTOGpakeHmu B, Ha A, ero mon-
MHOkecTBo B; & B, otobGpaskaercsa na mexoropoe A, < A,.
Taxum oGpasom,

424,24, v |4y =4, 41| =|Bs|
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U Bce cBenoch K OKa3aTeNBCTBY CHEYIOMEro MPeIoKe !
ecanw Ag2 Ay 2 4, u |4y =]4;], mo |Ay]| =] A,

3ajukcupyeM B3aWMHO ONHO3HAYHOE OTOOpaKeHHe f
muosecTBa A, uHa 4,. OuperennuM 1m0 WHLYKIHHA MOCIET0BA-
TeJBHOCTh MHOYKECTB

AOv Ah Az = f(Ao)v As = f(Al): seey An = f(An—n)r “ee

IIpa aTom
Ao A DA, 2 4;24,24;, ...,
6o 4, > A, A, = A4,, a uw A, = 4,,, ciegyer, 49T0

4., =1(4,) 2 (4nn) = Aps.  Ilyers, namee, D =
= A, (, A, [} ... ects nepeceuenme Bcex A,. Torma

Ay=DJ 4o\ 4) U A1\ 4)l ...,
A1=DU(A1\A2)U(A2\A3)U---,

npugeM o0befMHsSEMEe MHOMKECTBA He HajeraioT. B camom
melle, 9TOOH [{OKa3aTh, HAaIpUMep, HePBYI (QOpMyny, Hamo
TOJBKO 3aMeTHTh, YTO

arewent a & A mmbo  ANG

npuHafIe;kuT BceMm A, (&

rorfa a & D), aumbo cy- ANA
mecTByer mepBoe mo mo- 2
panry A, =5 a; HO TOTHA AV
acE4,, 1 ac=4,,\

\4,. Bsegem eme mMHO- @

HeCTBO

S=D A\ 4)U
UMsN\N4)U---

Torma 4, m A, npen-
CTaBATCA OOBeWHEHUAMM HEHAJETaloIHX MHOMKECTB (CM.
puc. 1.4)

dg=8U (Ao \ 4) U (42N 4s) U (44N 4)U -+,
A1=SU(A2\ As)U(A‘;\Aa)U (Ac\Av)U
Haiee, Tak KaK f (A, \ Any) = 4,00 \ 4Anis, T0 QyHEKIUA
/*, ompenieneHHas Ha A, yCI0BHeM
a, ecam a =S,

I'(a)= {f(a), ecnu a€£ S,

/]
DANA
%

AN
|
|

AN\

Puc. 1.4.
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MaeT B3aUMHO OJ(HO3HATHOE oToOpakenme 4, na A, (pynxnus
f* ocraBisier HA MecTe TOUKE S u oToOpaskaer (4, \ 4,)
Ha (4, \ Ag), (43 \ 43) —Ha (4, \ 4;) u 1. 1.). 3nagnr,
[4o] = |44, =180

Ocraercsa eme, mpaBma, OfMH HEOPHATHHE CIydaid A
CpPaBHEHMS MON[HOCTeN: eciu A He KBHBAJIEHTHO HHKAKOMY
mofMHOKecTBY B, a B — HuKakoMy noxmHo;kecTBy 4. Torma
MH HE CMOKEM HOPHHATHh HH ONHOTO W3 COOTHOMmeHHi |A| =
= |B|, [A|<|B|, |[A|> |B| 1 BHHYyXAeHH Ha3HBaTh

® B HecpaBHHMHIMHE (0O MOIHOCTH).

Ecin A mam B KOHeYHO, WIN CYETHO, TO HTOrO HE MOKET
cayaurbcsa. Ho, B obmieM ciyuae, Takoe mOJIO}KeHHE HCRIIIO-
gaeTcA JWIIb mocTyiratoM BriGopa (cm. raaBy «Tpamcdu-
HHUTHLY).

2. Teopema. Muowecmso ecex nodmmorcecms Mo-
acecmea A umeem mowgpocmvb Goavurylo, Hem mousrocmv A.

I[onaaa'renbc'rno. IMyers A = {a}, o« Z A =

{a} (Brmowam o = 0 mw o = A).

Hpemne Bcero |4| < |B|, #6o xagomy ¢ = 4 coor-
BETCTBYeT OJII03JeMEHTHOe MOXMHOKecTBO o = {a} = B.

C npyroil CTOPOHEI, Mbl CEHYAC IOKAKEM, U4TO CIH KasK-
noMy a = A 1ocTaBIeHO B COOTBETCTBHE OIIpPE/EIenHoe
a(a) = A, To Haidgercs a, = A, oTiuuHOe OTO BCeX o (a).
Tem campim Oymer wmcwaoucno pasenctso |A| = |B).
HeicTBuTenBHO, 00pasyeM MHOKECTBO o, BCeX TeX a, NJIA
KOTOPBIX

a & o (a)

(Mosxer Gt @) = 0). Temeps paCCMOTpHM HIPOM3BOJbHEIT
9JIeMeHT a ¥ MHOKecTBO o (a). JIubo a = a (a), ambo a €&
£ a (a). B mepBoM caywae a &£ a,, Bo BTOpOM a = a,. U, sna-
q@T, B obomx cayuaax a, + o (a). Y.t.1.

3. Muoncecmeo ecex nodmHoncecms MHOMNECMEL © =
= {1, 2, ....} Ha3vleaemcs KoHMuUHYYymOM U 06o3HaYaemci
6yxeoil c. OHO DKBHBAIEHTHO MHOKECTBY BCEX TOYEK IPAMOMA
(cM. rmaBy 2), H B 3TOM €ro MCKJIIOYATENbHAA BayKHOCTH. Ilo
OpelbIIYMEA TeopeMe KOHTHHYYM HecdetreH. MHo:KkecTBa,
9KBUBAJGHTIIHE ¢, HASHBAIOT TAKMKE KOKMUHYUALHLLMIL.

4. Ecmm cpenn muoskects A;, rme i mpoberaer I = {i},
HET MHOKECTBA ¢ MaKCAMAIBHOH MOIIHOCTHI0, TO U4, ameer
MOImHOCTH Gonbmyio, deM mdio6oe 4,. IleicTBuTe1bHO, B CaY-
vae | U A4,| = | Ai | mHOxecTBO A; MMeNO OLI MaKCHMAJb-
HY10 Monmoc'rb.
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Jlwo6onsiTHO, uTo 3Kechk I He mpemmonaraerca OGecKoHed-
ueiM. Tak, Hanpumep, ecium GH CyIIeCcTBOBAJIU MHOkecTBa A
u B, He cpaBHUMHE IO MOIIHOCTH, T0 A |, B mMeno Gs Mom-
HOCTh, Oonbmyto wem y A m y B.

5. Tenepp MBI MOKEM, OTIPABIAACH OT JIOGOTO MHOKECT-
Ba, MOCTPOUTH HabGoOp MHOKecTB GoJibliredd MommuocTu. CnepBa
obpazyem

Ay, Ay, Ay oy A,

Gepsi B KavecTBe A,;; MHOKECTBO BCeX NOIMHOKeCTB A,.
3arem monokum B, = | JA,, Tak 9T0 MomuocTs B, Goabme

momHocTH JdoGoro 4,. Jlamee MoKHO aHAJOTHIHO CTPOMTH
B,, B, ...

§ 6. Apapmernra mMommocTeit

B sTom nmaparpade apmpmMernueckme [eHACTBUA CIOIKEHHS,
YMHOKEHUSI B BO3BEJleHHUS B CTemeHL OyAyT pacmpoCTPaHeHH
Ha OeCKOHeYHbIE MHO;KeCTBA.

1. Uto0n He OoTBIERaTHCS B MajbHeHIIeM, cleidaeM [Ba
3aMedanus.

1.1 HaGop n00HX MHOKECTB MO)KHO 3aMeHHTh HAGOpPOM
He HAJIeTraoIaX MHOKECTB, 9KBHBAJEHTHLIX HCXoHnM. [eii-
CTBUTEJNLHO, HA00P MHOKECTB MOKET y HAC MOABUTHCS TBOAKO:

1) 3agamo muOecTBO I = {i} m kKamoMy i cooTBeTCT-
ByeT MHO;kecTBO A, (MHOKecTBa A, MOTYT IepeceKaThCsA U He
00s3aTeNBHO pasamqnm) B orom crydae (GERCAPOBAHHOMY
i = I nocraBuM B COOTBeTCTBHE MHOKecTBO A ;*:

A;'_‘{(]v a):j=i) aeAi})

WA CJI0BAMH: MHOKECTBO map (7, a), TKe j PABHO 3aJaHHOMY
i, a a npoGeraer Bce amemenTr MHOkecTBa A ;. IlocTpoennsie
A;* He HaJeraT W YKBHBAJIEHTHH MHOKECTEaM A,

2) 3apamo muOxectBo M = {A)} Mmuomects A. B srom
ciaydae (B oTIMYEe OT mpeAbAYymero) Bce MHO:KecTBa A = M
pazamgnsl. 3nechk poib I urpaer M m KayKIoMy ero sieMenTy
A cootsercTByer (camo) MuOecTBO A. VI Bce cBedoch K yike
paccMoTpeHHOMY chayuaio: 3amamHoe 4 < M Hago 3aMeHHTH
MHO3kecTBoM map A* = {(4, a)}, rme A ¢uxcmposano, a a
npoberaer Bce A.

Ommcannyio 3mech 3aMeHy MHOKECTB Ha SKBHBAJEHTHHIE
He Hajeraomue OyJeM HaswBaTb cmandapmmoi.
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1.2. MMomaTue maps *) mO3BOJNsIET BBeCTH HE TOJbKO
B33aMMHO OTHO3HAYHOE COOTBETCTBHE, HO M ONPEeNeNHUTh MOHA-
THEe omobpaxcenus B camMoM o0meM Bufe.

Mmuosxectso f = {p} map p = (a, b), B KoTopsIx a = 4,
b = B, nasmBaerca oro6paskenmeMm u3 A ¢ B. Ilna xampoi
mapsl p = (a, b) amement b HaswBaeTcsA 06pa3om DIEMEHTA a,
BJIeMeHT a — npoobpasosm duementa b. Haxmwit a = 4
ompepenser csom o6passl, KaKmul b e B — cBom mpoobpa-
3. MEOKECTBO 06pa3oB diIeMEHTa ¢ WIM IPooGpasoB aire-
MeHTa b MokeT, B 4aCTHOCTH, GHITH IIyCTHIM.

B Tom wactHOM ciywae, Korga Kaskmuil a — A fe#dcTBR-
TeJbHO WMeeT o6pa3 b & B m nmpuUTOM eNWHCTBEHHHIA, MHI
o6osnauaeM 3ToT 3neMeHT b cmMBoioM f (a) W TOBOPHM, 4TO
f — ectp ompefienenHast Ha A Pywryus, NTPEAAMAIOIAA 3Ha-
gerna m3 B. Hanpmmep, MHOecTBo map

f= {(1’ 27) (27 1), (3) 2)}
ompeneasier Ha A = {1, 2, 3} ¢yurmmo
=212 =1 703 =2,

npuEAMaomylo 3Hadenmsa us B = {1, 2, 3, 5}.

Ecau, cBepx Toro, ra)muiii snement b & B me#fcTBETEND-
HO mMeeT mpoo6Gpa3 ¢ €= A w mpoobpas eZWHCTBEH, TO MH
oGosmagaeM aToT mpooGpas a uepes g (b). Torma

g (f(a)) = a pnsa Beex a = A4,
f(g (b)) = b naa Bcex b= B

B QYHKIWHA f A g HA3HBAKTCA B3dUMHO 00DANHELMU.

Teneps MBI CMOKEM TOBOPHTH 0 GYHKIUH f, ONMPEfeeHHON
Ha A W npmEEMapomei 3nadenus u3 B, BMeCTO TOro, 4ToOH
BCAREA pa3 IePeuYmucNsTh HYKHHIE CBOMCTBA MHOMKECTBA Hap
/= {(av b)} .

1.3. 3pecs m manee cumBoau 1, 2, ..., n o6o3HagaioT, co-
OTBETCTBeHHO, MHOKecTBa m3 1, 2, ..., n 3JeMeHTOB; @ 060-
3HAYAeT CYETHOe MHOMKECTBO; ¢ — KOHTHHYyalbHOe. [lisa
OIHOBHAYHOCTH, ECJIH YTOMHO, MOKHO CYHTATH MHOKeCTBO 1
cocroamuM u3 (OMHOTO 3JIEMEHTAa) IIYyCTOr0 MHOKecTBa 0,
MHOKecTBo 2 — m3 ayiementoB O u 1; 3 = {6, 1, 2} m 1. &n,;
® — W3 BCeX HAaTYPAJIBHBIX 9ACET; ¢ — U3 BCeX MOIMHOKECTB
MHOKECTBa (-

*) CM, 3aMedaHne B KOHIE § 2.
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2. Cymma. Ecau KQHIOMY DJIeMENTy | = I coorBercTByeT
MHOECTBO A, To nx cymmoit (2 A,) HasHBAWOT 00beARHEIIHE
awboro Ha6opa 9KBUBAJIEHTHEIX HeHaJIeralon:mx 3aMEeHHTeeH.
Ilm51 ompeseleHHOCTH HMHOTJA yHoOHO OpaTh o0BemNHHEHIS
CTaHJAPTHHX 3aMEHHTeJeH:

L]
? Ai = U Aiv
=1 icl
a ecam A, ne HalerawT, To o0beMHEHHe HX CAMHX.

MomuocTs cymMHl (a ceifgac Hac HMHTepecyeT JHIIb OHA)
OIHOBHAYHO ompepnenseTcd MonjHocTeio I m cnaraemux (a mHe
uX NPHUPONOY W He NPUPOJOH BaMeHHTeJe ). Jleﬁc'rsme.ubno,
ecim |I|=|J| m |A,|=|B;| npu xaxaoMm i J
tel,je )

| U 4i
iel

Nnorpa cymmy obosnagator 3aaxoM . Hanpmmep, 4 +
+ B, wmm A+ B+ C, unmz A, + A, + ... flcHO, uTO OmeE-
pamus CyMMH KOMMYTAaTHBHA H aCCONHATHBHA (B TOM CMEICTe,
9TO TIONYYAIOM@ecsd MHOIKeCTBA HMEIT ONHHAKOBYIO MOII-
HOCTD):

|A+B|=|B+A|, |A+B+C)|=|(A+B)+C|

Ecan muomectsa A m B KOHE4HSBI, COCTOAT U3 m U n
a7eMeHnToB, T0 A -+ B cocTouT U3 m -+ n 9IeMeHTOB, TAK UTO
BBEJeHHOE IOHATHE CYMMBI [eHCTBHTENBHO 0000maeT sie-
MeHTapHoe.

3. IIpom3ssenerme. Ilycrs kampomy i & I cooTBeTcTByeT
muoxecTBo A,. IIpomssenennem .

IT4i=F, e F={}, 1()= 4,

il

Ha3bBaeTcst MHOKecTBO F = {f} Bcex ¢yHKuUMEA f, ompene-
JeHHHX ra | ¥ DpUAMMAOmEX B Kakqoi Touke i = I sHa-
qenns f (i), OpHHAMJIEKAIHE MHOKECTBY A

Ecan s1o ymo6Ho, TO yMHOKEHTE 0603HATAIT BHAKOM X .
Haopumep, A X B man 4, X A, X ...

MomtoCTh IpOW3BeIEHHS, OYEBHIHO, 3aBHCHT JHIIb OT
MOINHOCTEH COMHO;KHTeNel (T. e. He MeHAeTCA mpu 3ameHe [
@ COMHOMKUTeJell 5KBHBAaJEHTHHIMH MHO;kecTBamm). BoobGme
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roBopst, fame A, X A, = A, X A,, W0 JErKO TPOBEPHUTH,
aT0

|[AXB|=|BxA]| |AXBxC)|=]4Xx BxC|.

Hecrkoasxo mpumepos. Paccmorpum mpoms-’
Beierne A X B. [lna aroro ymob6Ho Baars I = {1, 2} wus
aByXx siaeMenToB 1 m 2 u mocraBuTh B coorBerctme 1 — A,
2 — B. Torma A X B Gyner MHOkecTBOM (yHKIHii f, ompe-
memennbix Ha {1, 2} u npmaumaomux suavenusa f (1) = A4,
1 (2) = B. Takaa QyHKUMA f ONHO3ZHAYHO OHpeHelAeTCA
mapoit (f (1), f(2)); u o6bpatno — mapa (a, b), tme a = A4,
b = B, oumpenensier ¢yuruuio f storo Tuma. llosromy mpo-
m3Befleame A X B 9KBHBAJEHTHO MHOKECTBY BCeX mHap
{(a, b)}. Anamormaro 4 X B X C 7KBHBAJIEHTHO MHOKECTBY
tpoek {(a, b, c)} mo BceM a = A, b = B, ¢ & C. BeaenctBue
aToro mpousBepeEmeM A X B 4acTo HAa3HBAKT MHOMKECTBO
Bcex map {(a, b)}, mpoussenenuem A X B X C — MuonecT-
Bo Bcex Tpoek {(a, b, ¢)} u 1. 1. U gaxe npomsBeneHueM cuer-
Horo HaGopa MHO;KecTB A X B X ... Ha3bIBAKT MHOMECTBO
Bcex mocaenoBarenbnocreit {(a, b, ...)}, B KoTopHX a = A4,
b = B, ... Bupouem, B mociegHeM ciydae, BCIIOMHUB OIpe-
JleIeHHE nocaedosamesbHOCmu, Mbl ABTOMATHYECKHM BEPHEMCA
ko MHOkecTBy map {(1, a), (2, b), ...} m, snauur, K PyHKUHK
f, 3afaHHO# HA () M NPHHUMAIMEHR B ToYKe { &= ® 3HAYCHHE
f (i) m3 i-ro coMHOHTeNA.

Ecam MuoskecTBo A coctomT M3 m 31eMeHTOB, B — wu3
n 9lIeMEHTOB, TO MHOMeCTBO A X B — MHOMeCTBO Hap
(a, b) — comepat m X n anementoB. Tak 4ro mpomsBefeHnue
MHOKECTB 0000maer npoussefeHAe (KOHEIHBIX) UHUCEJN.

Yrazarmune Ecin Bu He GuiIu panbine 3HAKOMBI ¢ IOHATHEM
IIpou3BeieHNsI ABYX MHOKeECTD A X B, TO II0CJIe pﬂ360pa 9TUX IIpuMe-
poB BepHHUTeCh K 00meMy oIlpejeleHu10 Npoussefienus. Peimre, Kak

MOKHO YIPOCTUTH 00Ifee OMpeJelCHIUC B clydac HCHaJlelralonmix COM-
HOMKUTCICH.

Teopema. Ecau |A; | = |A | npu scex i =1, mo
| DA =laxrl (+)

HorazartenbcTBo. DBynem cumrate A, nemame-
rajomumMua # o603HAYMM dwepes f, 0To6pa;§\eHne f; (a;) =
(B3AMMHO OJHOBHAYHOE) MHOMKECTBA A, = {a;} ma A=

= {a}. Hocxonmy A, He HaJeramt, TO 'KQIKIOMY BIEMEHTY

$ JeBOH dYacTH (*) B3aEMHO OMHO3HAYHO COOTBETCTBYeET
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3JIEMEHT T npaBoﬁ qacTh:

s = a; <> (a;, i) —(/; (@), ©) = (a, i) = m.

YupamnuaeHrue Jlokasars:

1) [AXB+O)|=1AxXB+@AXCO
2) | IT s x By = (01 40 x 1 8oy
el icl il

4. Crenens. A1, mo onpefenendIo, eCTh MHOKECTBO YyHK-
nui f, onpefiesieHHHX Ha / W DpEHMMAapMuUX 3HaYeHHSA U3 A:

Al =F, tne F={f}, (i) =a, icI, ac= 4.

fcHO, 94TO MOIMHOCTH CTeNEHH 3aBHCHT JHUIIL OT MODIHO-
cTeil OCHOBAaHMA M IOKAa3aTelnsd.

Ecau A u I xoneunsl, cocToAT M3 m U kK 3JIEMEHTOB, TO
Al cocroutT ma m" smementoB, Tak uWTo Hame ompefeieHme
cTeneHu sABiseTcA o0obmenneM aiementapHOro. JledicTBm-
TEJBHO, TYCTh

A = {ay, ay, ..oy an}y, I = {iy, iy -oey inl

u f (i) = a. Torna smavenue f (i,) B Toure i, MOKHO BHOpaTh
m cnocobamm; mociie 9TOoro 3uagdenue f (i;) MOJKHO CHOBA BHI-
6paTtb m cnocoﬁamn U T. . 3HAYAT, BCEBO3MOMKHKX GyHKIAA
f 6ymer m"* mryx.

Baxusit npumep. Ilyemv A cocmoum us 2-x
anemernmos (mas oupepeineanocts A = {0, 1}). Tozda Al
9KEUEANEHMHO MHOXNCecTEY 6cex nodmuoncecms I.

IeiictBarensro, pynknua f (3agannas Ha | @ nmpmHEEMa-
omasn 3HadeHne W3 A) B3aHMHO OHO3HAYHO ONpefielseTcs
nopmHokecTBoM F = I, B Toukax Koroporo f paBHa 1.

Teopewma.

1) Ecau |A‘!:[A| npu ecex i1, mo |T14;]=|4"|;
2) [(Ax B)|=|A" x B'|; =

3) IAII Alzl___lA(Ighrz)I.

4) |(Al'1 Ie, lA(LXIg)l

HorxaszaTtexbcTBo.

1) Bamennm Bce A, onmmm mEokecTBoM A. Torna snement
7 NPOUBBE/ICHNA, 1O onpenenenmo, craHeT (yHKIHeH, 3a-
nanHO# Ha [ m mpwHMMalomed 3HadeHus u3 A, T. e. CTaHeT
aaementom @ & A!. 9TO COOTBETCTBHE B3aMMHO OJIHO3HATHO.
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2) JdnemenT aeBoi uacTE — $pymrmma f, f (i) = (a, b);
2JIeMeAT npaBoit — mapa QyHRmE# (fa, 7B), fa (}) = a,
fp (i) = b. VickoMoe COOTBeTCTBHE 3afaeTCsA IPABHIOM

f‘—’(fA9fB)’

korga f (i) = (fa (¢), fs (i)) upm Bcex i = I. OHO muxIO-
s cTpapyerca puc. 1.5 = 3a-

OHCBIO
| ~—% = {G )=
= {G (F, () T3}

1
A TNe g UG L0 (G y O
7 =\Va /gt

Pne. 1.5. 3) Bynem cumrats I, m

I, nenepecexaomumuca (Ha-

OpEMep, 3aMeHMM HX CTAHAAPTHHMH OKBHBAJEHTaMH). Jire-

MEHT JIeBo#t gacTH — »To mapa ¢ymkmmit nt = (fy, f,), ompene-

NeHHHX (cooTBercTBeHHO) Ha [, W Iy M NPAHNMAIOMAX 3HAYE-

Hos u3 A. DieMeHT mpaBoii vacTH — QyHKOUA f, ompene-
nesHas Ha I, (J I,. Bynem cumrate T < f, Korga

(R mm s,
f“’={f2<i> npu i = 1,

8

CooTBeTcTBHE BSAMMHO OJHO3HAYHO, TAK KAK PABHEIM I
COOTBETCTBYIOT pasHHe f m obpar-
Ho (puc. 1.6).

4) DineMenT JeBO# YACTH €CTh
¢ynxnusa f,, saganHas Ha [,; ee

i
% %/ |
g
|
7 %
Pmc. 1.6. Pumc. 1.7.

3HayeHWeM B Touke i, = I, aBagerca Qymkmma f;,, BajgaH-
masg Ha I, = {i;} co smavenmsamm ms A. Taxum obpasom, f,
ompepienser (B3aEMHO OXHOSHAYHO) QYHKOHIO f:

/(il’ il) = fi:(il)’
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3allagEYIo0 na mapax (iy, iy) (1. e. Ha I, X I,) co 3HaTeHMAME

m A (puc. 1.7).
5. Anndvernra KOBEYHLIX, CYETHBIX M KOHTHIYAJLHBIX

muoskects. IlockonbKy (4meio ciaraeMeX CHYETHO)
lo+o+- l =0l
TO

lo]=[1+1+. . . |<|mtnt.. . |<|oto+...|=|o.

1) Takmm o6Gpasom, mo TeopeMe SKBHBaJeHTHOCTH:

|1+1+" I=lml’

|ny+ny+-- -] =0l

ot o+ |=]oxo|=]o]

|0?| =]oX 0*|=]o],

lo™| = o],

o+ 0>+ 0+ - | =]l
Mockompry [2°]=|c| m |c®|=](2°)"|=]2"""|=]2°], 10
el<|lc+n|<|ct+o|<|ctce|l=]2xc|<|n X<
Kletet-|=lexo|<K|exe| <K eXe X -+ |=|ee| =]c].

2) Takxum oGpasom,

(2] = Il = o] = ],
letel=lexn|=|cte+: | =[cx|=]cxc|=]c]
er|=eXe X -|=]|co|=]c]|,

le+c2+c+ - |=leXc*XAEX- | =]c|

3) Ilpu xonrumHyanbHOM HaGope ClaraeMbix
le|]=|m+n+-.. (kopTHR.) | =|00 X c|=]c|.
Ho npm xomTERyalhHOM HAOOPE COMHOMKHTENMH
|2°|=|m X n X ---(kouTHE.)| = | @°| = || = | 20%X¢| = | 2°|

[ONY9aeTCA MHOMKECTBO MOMHOCTH 2° (THOePKOBTHHYYM).
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§ 7. llpnaoxenne apudpmernkn MougHOCTEH

1. Apujpmermueckdme [eHCTBHA C MHOKECTBAMH JalOT
BO3MOJKHOCTH JETKO PENIMTh MHOTO 33/[ad [0 ONpefeNeHUI0
MOIHOCTA DPAa3JUYHEIX MHOIKECTB.

1) Ilycrs A = {a} — npomsBombHOe MHOKecTBo. Pac-
CMOTPHEM:

o, (4) = {(a;, ..., a,)} — MHOMECTBO n-WIEHHHX mO-
CJIEMI0BATENbHOCTEH W3 JJIEMEHTOB A;
a(4) = o, (4) + a, (4) + ... — MHOKeCTBO KOHEYHHIX

TOCJIEN0BATeNLHOCTE U3 2leMeHTOB A;

au(d) = {(a;, a5, ...)} — MHOMKecTBO (6ECKOHEUHEIX) IIO-
CJIE[OBATEILHOCTE M3 5iIeMeHToB A.

Bripasute MOIMIHOCTH STHX MHOKECTB Yepe3 MOIIHOCTEL A.
HaxoBs ate Momuocta mpa |4 |= |w |8 | A= ]c|?

Pemenne. Ilo camoMy ompenesenuio creneH:

[ ()| = 4" [ ()| =] 3 A", Jow(4)] = 4%
Taxum oGpasom,

[on (@) | =], [a(0)|=|o], | (0)[=]c],

lan(e)] =]cl, |al(e)]=]c|, [da(c)|=](2%)"=]c|.

Humxecnenyomee samgaum 2) — 5) ABIATCA YaCTHHIMA
crysaamu 3agaum 1).

2) Cronbko (A) cymecTByeT IOCHeN0BaTeJIBHOCTER u3
HyJeid m emmmmn? T. e., KAKORAa MOITHOCTH IICKOMOT'O MHO-

sxectBa A?
Pemenne. Ilo camoMy ompefeleHmio cTeneHH

|A]=]2°] =e].
3) Cronsko (A) cymecTByeT moOCHeNOBATENbHOCTEH U3
mecatuaanx nudp 0, 1, ..., 9?
Pemenme. [A4|=|10°|=]|c|, ubo |[2°|<<[10°]|<<
<1E9°.

4) Ilycte nMeeTca KoHeuHHI HAGOp W3 n 3HAKOB (HAampu-
Mep, u3 OyKB, 3HAKOB IPENWHAHMSA ¥ OPONYCKA MEXKIY CIO-
Bamn). CKONBKO MOKeT GHTH HAIHMCAHO KOHEUHHIX TEKCTOB?

Pemenue. TexcroB pumam m Oyamer m™ (MHorme m3
HAX OynyT GeccMBICIEHHH), a BCeX KOHEYHHX TEKCTOB —
CUeTHO® MHOKECTBO. TakmM 06pa3oM, CUeTHO MHOKECTBO
BCEX JHTEePATypPHHIX IPOH3BeeHHH, BceX cHMPOHUA H T. [.
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5) Kanmopoeckas dopoea (puc. 1.8). Uz crammmm % BH-
xonAT ABe BeTkd: JeBas 0, mpasag 1. OHm 3axkaHYEBaOTCA
cragnuama 0 u 1. Uz craummi 0 smxomsar serkm 00 m 01,
3aKAHYMBAOMMECH CTAHOHAMHU
00 m 01; u3 crarmum 1 BHIXO-
nar sBerkm 10 m 11, saxamum-
Baromueca crannmamu 10 m 11,
7 1. K. Hoporoit masmBaercsa
GeckoHeYHAasA| MOCIENOBATENb-
HOCTH BETOK, LPOOJKAIOM[EX
Opyr [pyra, HaYMHAIOIMAACA
Ha craHngud *. Hampumep, mo-
pora ms merox 0,01, 010, ...
Ha xanTopoBckoii fopore cuet-
HOE Y}CJIO CTaHmuil (Ha ypOBHE
n mMeercs 2" cTaHLmi, cAATas Puc. 1.8.

HYJIeBHIM YPOBEHE CTAHOUHU *),
HO KOHTHHYYM pmopor. JlefcTBHTEIBHO, KasKJOH IOCJen0Ba-
TeJBHOCTN HYJed W euHHI

Ay, Ay «--

B3aMMHO OJHO03HAYHO COOTBETCTBYET M0pOra, MIPOXOAAMmAS
qepes CTAHIHA dy, A1ds, G1dalg, ...

2. Menee cranmapTHH pemenus 3agag 6) — 9) o MomHOCTH
HEKOTOPHIX CHCTEM IMOIMHOKECTB.

6) CxkonbKO n-pjeMEHTHHIX UOAMHO;KECTB A, y ©?

flcao, at0 |4, | > ®, wOO

A, 21,2, {2,3,...,n+1},.. 0

C gpyroit cropomni, |A, |<<|om"|, m6o ouaementam A4,
COOTBETCTBYIOT pasimyHele (GyHKIAH f & 0" 3HATAT,

lo|<|d.[<|o*|=]o| r |4;]|=]0o]

7) Cronbko (A) KOHEYHHX MOAMHOKECTB HMeEeT 7
B o6osmagenusx mupemHpymed 3afadyd HMeeM

|[A] =41+ 4+ | =]o]

8) CroabKO 0ECKOHEYHBHIX HOAMHOKECTB HMMeEeT ©?

Bcex mopgmHO:KecTB mMmeeTcsa 2, KOHEYHHIX HOIMHOMECTB
AMeeTCs ©, 3HAYUT, GECKOHEYHHX OCTaeTcs TOxe |2° | =
= | ¢ | (b0 moGaBieHEE CIETHOTO MHOKECTBA HE MEHIET MOII-
HOCTH OECKOHEYHOr0 MHOMKECTBA).

R} |



9) Croabko (U) cueTHBIX NIOAMHOKECTB HMeET c?

Pemenue. Bugenum B ¢ cieTHOEe HOIMHO«eCTBO 4 =
= {ay, as, ...} W pasobbeM ¢ Ha obbeguuennme ¢ = A B,
rae B = ¢ \ A. Muomectso mocaenoBateanuocted (b, as,,
as, ...), rne b = B, yme KoHTEHyajibHO. (CJeI0BaTelbHO,
|[U|>|c| - Ho U C a, (c). Buaanr, [c | < |U |||
n |U|=]c]

10) B manbpmeiimeMm MH yBmaum, 910 MHO;kecTBo A = {z}
TOYEK OTpe3Ka [JIMHKE eUHUNA MMEeT MOMHOCTh KOHTAHYyYMa.
CrnenoBatenpHO, MHO;kecTBO B = {(z, y)} Touex KBampaTa
(co cropomoii enMHHUIA) SKBUBANEHTHO MHOKECTBY TOUECK
OTpe3Ka CO CTOPOHOH eXWHMIA, HOO

B=AXAwu|B|=|cxc|=]|c|

AnanormunsiM o6pasom paBeuctBo |c® | = |c | o3magaer
SKBHBAJICHTHOCTh MHOKECTBA TOYEK EJHHUYHOTO KyGa m oT-
peska. I paske xyG B CYeTHOMEPHOM HPOCTPAHCTBE HMEET
TOYeK ¢“, T. €. KOHTHHYYM.

11) Ecmu |A+ B|=|c|, 1o |4|=|c| mm |B|=]c|.

JNokaszaTelnbcTBO. DBo3bMeM MHOMECTBO Iap
C=cXc={= v} rne z =c¢, y= c, u oTobpasum B3a-
mma0 ommosHauHo A + B ma C. CoxpanmB obosHaiteHusa A
u B 3a oGpaszamu aTHX MHOKecTB, Oynem mmerb A J B = C.

Ecan npm kaxoM-HmOyns (QUKCHPOBAHHOM Z, &= ¢ MHO-
xectBo X, = {(zy, y)} map (zy, y) = C conmepsxntca B A,
T0 |A | = |c| B mpormBHOM ciydae Ads KaKHOTO Z = ¢
Haiinercs mapa (z, y (2)) = C, xoropaa (z, y(z) & A
u, sHagurt, (z, y (x)) = B. MuosmectBo Z = {(z, y ()} aTmx
nap KomTuHyaiabno W Z — B. 3maumr, | B | = |c¢|. 3nech
ObUI MCOOAB30BaH mOCTYJaAT BeiGopa (cMm. 1ur. Tpouchurursr).

IdTta 3ajaua Mo;keT GHITH pasBATAa B TPeX HAMPABICHHAX.

11.1) Ecam |4, + A, + ... | = | ¢ |, To xora OB ofHO
claracMoe KONTHHYAJLHO. [[efCTBUTENBII0, MOMKHO CYHTATD,
aro A, |J 44 U ... == ¢” U 3JeMeHTaMU c” ABJIAOTCA IoOCJHe-
ROBATEIALHOCTA (Ty, Tp, ...) DIEMEHTOB I, = C.

Ilycrs, Bonpexnm moxasmBaeMomy, xkaskmoe | A, | < |c |
Torma pua HEKOTOPOro 2, Jio6as TOCIEOBATEIBHOCTD
(21, %3, %3, ...) & A,. Temepn ais mekoroporo i, aobas
(1, X9, T3y Lyy...) & Ay W T. B. B pesyabrate mociemoBaTens-
HOCTD (21, %3, X4y X3, ...) W3 C® HE BXOAMT HHU B ofHO A,.
9TO0 HEBO3MOKHO.
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11.2) Ona aw6oro muokectBa | A + A | = | A |. Jloka-
3aTEJBCTBO HTOr0 (aKTa MOJAYYeHO JAMD C IPUBICICHHEEM
HOIOJHHUTeABHOT0 mocTylata (mocTyaaTa BHOGOD a,
cM. IJaBy O TpPaHCPUHHATAX).

11.3) Ecam A, + A, + ... = B u Bce caaraemsie Gec-
KOHEYHHI, TO XOTA OB OfIHO M3 HUX HMeeT MOIHOCTH B. 3Tto
geBepro! OTnpaBnssck or Jawboro Geckoresnoro A,, moJo-
KAM 10 mEAYKIm:m A, = 24n, Torna |B | > |Apa | >
>| A, | gag paoboro n.

12) AnreGpamaecKdM 9HCIOM HA3HBAETCA KOPEHb MOJIH-
HOMa ¢ meiamMu kos@dunmenramu. CroabKko anrebpaugeckux
qrcen?

Pemenne. Ilonrmnom cremenum n

ag + ayx + ... + a,z» =0

OTHO3HAYHO ompefesserca csBomMd Koadduuuentamm. Core-
ROBaTelbHO, MOJHHOMOB cTemeHH n mMeerca "', Hopmei
y mEx He Goxee n X @"''. Bcex aarebpamueckmx gmcea He
Goxee

MxXa?+2xe+... [<|loXo|=]ol

M, Tak Kak HCKOMO€ MHOKeCTBO GecKoHEedHO (COfep)KuT Bce
meakse YHCiIa), TO OHO CYETHO.

3aMeganne. Hopeapr mormaEOMa ¢ palOHAIBHHIMHI K03pPU-
LUeHTaMH, OUeBH/IHO, ABIAETCA dHUCJIOM airebpawdeckuM. Bojee Toro:
KOpeHb MOJIUHOMA ¢ aareGpamdecKuMu KosppuuumeHTaMu TOKe ajrebpa-
HueH (HO 9TO Y)Ke TpYAHasA alrebpamdecKas TeopeMma).

13) Cxoasro (4) ¢pyHKuEA f OGHOrO AEHCTBATENBHOTO He-
PeMeHHOT0, MPHHEMAOIAX JAmb ABa sHaveHusa 0 m 1?

Croupko (B) meficTBHTeNbHHX (YHKIHA OTHOTO [eicTBH-
TespHOro mepemensoro? (BocmosbzoBaThbesa TeM, 9TO eACTBH-
TeJIBHHX YHUCEIN C.)

Peme une. ITo camomy onpenesnennio crenenu A = 2°,
B=c¢. Tak dugro [B|=]|@2)|=]2%=]|2°]|=
=|4[|>1cl

14) Croxbko cymecTByer [edCTBATENbHHX (QYHKImI, 3a-
NAaHHHX B PaN@OHAJBHHX TOYKaX?

Pememnme: [c°] = |29%| = [c|.

3. Pasnnie 3agaun. B sagauax 1) — 3) smaku T u II Gepyresa mo
Bexoropomy I = {i}.
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1) | AZBi| = |1 4B1].
2) |(T ApP=|1m aF].

3) Ecmn | A | < | By | nopa Beex i, To | 2 4;|<|1B; | (Hérnr).
Ipa A;=1, B; =2 s10 paer | I]| < |2]).
4) Ioctpouth HecueTHoe A, miaA Koroporo | A | < | 4% .

¥ kxasaHHe Bocmoiap3oBaTbcsa pe3ylbTaToOM IpeAAymed 3afadd.
5) Iycrs A Geckoneuno. IlokasaTh, 4TO MHO3KeCTBO B Bcex ero

CYETHHX HOJMHOKECTB HMeeT MOIHOCTH LB |=]4%].

6) ITycte A — MBOMKecTBO W B = {b} — MHOKeCTBO BCEX TeX ero
nomMHEOKecTB b C A, y KOTOoTHX | b | < | 4 |. CymecrByer Jm Takoe 4,
qro | B &< | A |. IlpoGneMa He pemeHa M 3aBEJOMO OUeHb TPY/HA.

7) CymecrByer am 4 TaKoe, 9r0 | © | < | A [ < | ¢ |? IIpobiaema
HepaspemuMa (KoyaH), HecMOTpA Ha CYIECTBOBAHHE «IEPBOr0 HECYST-
HOTO» MHOKeCTBa B, T: e. TAKOro, y KOTOPOro I0Goe IOIMHOKECTBO
C C B o00a3aTeJbHO KOHEYHO, CYeTHO HJIH HMeeT MOIMHOCTL B.

8) CymecrBytor au Takne A u B , 410

lA|<|B[<|24?
ITpo6GieMa He pemmeHa W 3aBeflOMO OUYeHb TPYRHA.

§ 8. Pasomenne Ha Kiacchl

B pasnmmuEHX pasgesax MaTeMAaTHKE BOSHHKAOT 3afa4d
0 pasOHeHEH 3aaHHOTO MHOKECTBAa Ha HeIEpPeceKalomumecs
LOIMHOKECTBA 9HJIEMEHTOB, 06JafalIEX OIpefeleHHLEMHE
cBoitctBamu. IIpefcTaBisieTcs mOXe3HHM HPOJEaaTE TO pas-
Guenme ofHA}KAL, B 00meM BHJE, BBEAA MOHATHE «OTHOIMCHHS
9KBHBAJGHTHOCTHD.

OTHOmeHnne ~ MeKY 9JI6MEHTAMH MHOMecTBa A =
= {a, b, ...} Ha3HBaAETCA OMHOWEHUEM OSKCUGALCHMHOCTU,
ecan

(1) a ~ a gna awboro a = A,

(2) m3 a ~ b cuegyer b ~ a,

(3) m8 a ~ b m b ~ c cuegyer a ~ c.
Vimes B Bmpy »TH CBoiicTBa, TOBOPAT, YTO SKBHBAJEHTHOCTD
peaekcuera, cummempuiia W MPAH3UMUCHA.

3damevannme. OrHomeEme ~ 3T0, IDOHOPOCTY ToO-
BOpdA, MHOKecTBO f = {n} map = = (a, b) smemenToB A.
ITepeuncienHEne CBOHCTBA CYTh:

(1) (a, a) & f opm ar06oM a = A4,

(2) m3 (a, b) = f caepyer (b, a) E f,

(3) m3 (a, b) = f = (b, ) E f caenyer (a, ¢) < f.

YopamxHeHHE. 006sa3aTeAbHO NOCTPOiiTe IPIMEPH OTHOWICHHIA, B
ROTOPHIX IBa CBOUCTBA 9KBHBAJICHTHOCTH BHIOOJHAKTCA, & TPeThe — HeET.
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Teopema o pas6bumernnu Ecau na mHoxnecmee
A = {a, b, ...} 300ano omHoweHue sxeusasewmmocmu, mo.
MHONCECTNBO MONCHO PABOUMb HA HEHAAE2AIOUUE NODMHONCECMEA
max, umo a ~ b mozda u moavko mozda xo2da a u b npunad-
aexwcam 00HOMY nOOMHONCECMBY.

HeiicTBuTenbHO, 0603HAYAM Yepes o (a) MHOKECTBO 3Jie-
MeHTOB b & A, 3KBUBaJeHTHHX a. B caydae a ~ b MHO-
mecTBa o, (a) = a (b); B cayuae a +~ bOymera (a) N o (b) =
= 0, u60 a m b He WMeIOT 0OMUX PKBHBAJEHTHHX 5JI€MEHTOB.
Beepem muoKecTBO A* = {0t} Tex MHEOKECTB a0 A, KOTOpHE
paBHATCA o (a), XoTa O mpm omEoM a = A. Jl6Gue aBa
MHOKeCTBa o0 & A* pasnmuHH (mo ompepenenmio A*) m, cie-
HOBaTeIbHO, HE mepecexanTcda. HaxoHenm KaKIHA 3J1eMEHT
a & A BXORHT B HeKoTopoe o & A¥* (mMeHHO, B a = o (a)).

3damMevanune OTHomeHUe OKBUBAJEHTHOCTA pPaBHOCHIHHO
8aJJaHAIO0 JJIA KasKIOT0 @ & A MHOKeCTBA o (@) ¢ yCIOBHAMM:

(1) (7a€ 4) (a€a(a)),
(2) (7a, b A) (@ (a) =2 (b)) mam (a(a) ) a (b) =0)).

JeiicTBUTeIbHO, KaK OPH 3aJJaHAM OTHOIICHHs 9KBHBAJEHTHOCTH,
TaK I OPH 3aJaHOH MHOKECTB & (@) BCe MHOKeCTBO A pasbumBaercd Ha
HeHaJleTaloImye MHO)KeCTBA O, OpAYeM DKBHBAJEHTHOCTDb 9JIEMEHTOB @, b
03HaYaeT WX HPHHAIEKHOCTh OOmEMy MHOKECTBY O.

IIpumepn. (1) lyers R = {r} — MHBOKeCTBO PaMOHAJIBLHBEIX
9ACeN M Iy ~ Ty, KOTJIA r] — ry — 1JI06. TO OTHOINEHHE YAOBJIETBOPET
YCIOBHAM SKBHBAJeHTHOCTH, I R pasbmBaeTcs Ha KIACCH 9KBHBAJEHT-
HHX grced: R = |Jp. B narHOM ciy4ae MH Morium 6K pacCMOTpeTh MHO-
sKecTBO Ry = {r,} panmmonanpHEHX wmced 0 < ry < 1 m oTHecTH Kask-
noMy ry Kaacc p (ro) = {ry -+ n} d4mcen Bupma ry -+ n, rge n — neioe.
9ruMm R OnuiIo 6‘;1 pasburo Ha KiIaccH {p} 6e3 TeopeMH 0 pasOHeHHH.

(2) Iycrp X = {z} — MHOKeCTBO TOYeK HPAMOH U Z; ~ Ty, KOI-
7a paccTOAHMe MeKAY 21 0 T, PaNHOHANBLHO. ITO OTHOIIEHUE Y/IOBIETBO-
pAeT yCIOBUAM 3KBHBalJieHTHOCTH, B X = |Ja pasbmBaeTcss Ha Heme-
peceKaromuecsa KIacCh o = {z} TOYeK r ¢ paNUOHAJLHHWIMHA pacCTOSA-
Hasama. Ho Mbl He yMeeM 3(P¢eKTHBHO OHpefeJHTH B Ka:KAOM Kiacce
o D0 OJHOMY Hpe/ICTaBHTENI0 T (0) € 0 HW MOIYYATh MHO;KeCcTBO {a}
BCeX KJIacCOB & (e3 TeopeMH O pasbrmeHHH,

§ 9. O mapagokcax TeOpHE MHOKECTB

1. C camoro HaJajia B TEOPHH MHOKECTB ORLIM 3aMEYEHHI
napafokch. Bor cammii mpocroit. Ilycts M — MHOKECTBO
Bcex MHO:kecTB. MHO;KecTBo N BceX ero IOAMHOMKECTB [OJI-
JKHO HMeTh MOINHOCTH, Goanpmyio geM momuocTs M. Ho sto
HEBO3MOKHO, 00 M = N.

9T0 3aTpyJHEHHE BHICTymaeT (ojiee SICHO B NapajgoKCe
B. Paccena. Ilycts A — MHOECTBO BCEX HATYPAJbHKRIX TUCEN,
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KayKI[0e U3 KOTOPHIX MOKHO OIPeNelanTs Hpasoil, cofeprramein
Menee cTa pycckax ciaoB. ComepskuT au A Bech HATYPAJIbHHIR
pan? C opuoit cTopoRH A KaskeTcs KOHEYHHM, B0 B PYCCKOM
A3HKE KOHETHOE YHCIIO CJIOB (CKayKeM, n) I PacCMAaTPHBAEMEIX
dpas me 6oree aem n'%. Ho ecim A KOHEYHO, TO PaCCMOTPEM

«Hammenpmee HaTypalbHOE 9HCIO, HE BXO[AMEE BO
MHOJKECTBO TeX UHCEeJ, KaKgoe M3 KOTOPHX MOMKHO
ompenenuTs Qpas3ol, coiep:xkamie MeHee ¢Ta PYCCKHX
CIIOBY.

JTo wmeno, MO OUpENeNeHno, He BXONHAT B A, Ho ompefe-
asgerca (pas3of, comep:kameidl MeHbIE CTa PYCCKAX CJOB.
ITonyuennoe mpoTmBopeume [OKa3HBaeT, 4T0 A COXEPIKHUT
Bech HATyPalbHBIM DPAL.

Ilpnumna mapagoxca B TOM, 9T0, 06pasoBaB MHOKECTBO 4,
MH oforarmiuw pycCcKu# A3HK # (pasa, B3ATafg B KABHUKH,
CcTajla OCMEICIEHHOH.

He xoppexTHO 0mpefensaTh MHOKECTBA, KOTOPHE MEHAIOTCH
B mpomecce mx oOpasoBamms. Bce mapamoxchl Teopmm MHO-
JKECTB IOCTPOGHH HA TAKWX OIpEeeleHUAX.

2. Ipyroe saTpyiHeHWe — CYIECTBOBAHAE HEPa3pemn-
MEIX ITpo0iieM — O00HAPYHKEHO HE TOJHKO B TEOPHH MHOKECTB.
IT. HoBukoB moxasai HePaspemmMMOCTh HEKOTOPOHR mpPOGIEMEL
KIacCHYECKOA amreGpsl.

Ho cymecTBo flena 3fech Toke B OHPEeIeHAN MHOKECTBA.
«MuoOKecTBO A 3amaHO, €CIM IPO KayKIBIA DIEMEHT... OImpe-
meneno, BXoauT oH B A wiam HeT». VI mpm 3ToM He fCHO, Kak
MH 5T0 BhisicHUM. Eciam A 3afaHo 3amaXxoM €ro 3JeMeHTOB,
a B — BrycoM, TO MH MOKEM W HEe CyMeTh PEIATH, OTHO JH
3T0 MHOKeCTBO. HOHTHHYYM (KaK MHOKECTBO TOXMHOKECTB
CYETHOTO MHOKECTBA) W IEPBOE HECYETHOE MHOMKecTBO (CM.
rIaBy 5) OKa3aJIMCh 3aaHbl CTOJNb PA3IAYHO, YTO HE CYMECT-
Byer cmoco6a pemmuTh, SKBUBAJIEHTHH U 3TH MHOKECTBA.

3. 3HauATenbHAA YACTh 9TOM IJIABH B3ATA U3 KHATH
®. Xaycnoppa «Teopusa MHOMKECTBY, a BCe H3I0KeHHOE Ge3s
ykasaHmsa aBTopcTBa — mokasano I. Hamropom. Toasko
TeopemMa O CpaBHEHHH MoImMHocTeit mpumHagiexar I'. Kamropy
u ®@. Bepamreiiny.

IOas obosmavenna mommoctn Hamtop ymorpebun Gyxsy
N (mpoumsnocurcs — dmed). B matematmueckoit mmreparype
obmenpuuATH o6o3HaueHUA: N, AAA | © |, N; HIa MomI-
HOCTH TIEPBOTO HECYETHOTO MHOKeCTBa, N miaf |c |.
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TIIABA 2
JIENCTBUTEJIbHBIE YHCJIA

§ 1. Harypaabusie ymecaa

Bor cosmam HaTypaJdbHH@ pAR,
ocTajibHOe — fieJlo pPYK  delloBede-
CKHX.

Kponekep

B mnepeBome Ha Golee cepbesHHIA A3HK 3TOT sHATPad
03HAYaeT, YTO MH BOCHOJb3YyEMCsA aKCHOMAMH HATYPaJbHOIO
pafa u GodbpImle HAKAKAX aKcHOM HaM He moHajmoburea. Ho-
HEYHO, B (HAMBHOH» KaHTOPOBCKOM MaTeMaThke (Ha ypOBHe
KOTOPOi Mbl HAMEPEHHI 0CTABAThCA) HAM TPEOYIOTCS MOHATHSA:
MHOJKECTBO, JEMeHT, ... I HeKOTOphe mXx cBoiictBa. Ho mm-
Kaxmx akcmom Apxmmena, Hantopa m T. 1. Bce ke He HYKHO.

CpoficTBa HATYpPaJbHOrO psfa (A LEIHX 9HCEN) 371ech
npefmoiaraoTcsa u3BecTHHMA. H HAM MBI Bo3Bpamartbcs He
Gynem. MoskaO ObliI0 6B HpefmoNaraTh W3BECTHHIME B PAL{AO-
HaJbHHe umciaa. Ho aTo, Kak 3amerni Jleber, OecmosesHo.

§ 2. Ilens mocTpoennsa H OKHM/IaeMbie CBOICTBA
NEeACTBUTEIbHBIX gYHCel

Jdror maparpad He MaTeMaTHIECKH#A W CTHIb €ro — He
coflep/Kamuil HU TOYHBIX YTBEPKIGHHHN, HU TOKAa3aTEIbCTB —
He cjellyeT IIyTaTh CO CTAJIEM OCTAJIBHOTO W3JI0KEeHHI.

1. JeiicTBUTENbHBIE YACIA, MO-BEAMOMY, MOTYT BO3HUK-
HYTh NPH H3MEPEHAH [JIMH B METPHYECKOH CHCTeMe € HHHUIL.
IycTs mamepsieTcs JJIMHA OTpesKa I
(pme. 2.1). Cumepsa ompepensiercst, 7  7- a7

CKOJNIBKO Pa3 MeTp LEIHKOM OTKIa- PR
nuBaerca Ha L. Ilycrs ornommiacs .
27 pas. IImmem Pnc. 2.1.

=~ 27.

Barem Gepem enmrmny, B 10 pas merbmyio (1/10 &), m cMoTpmM,
CKOJIBKO eme pas OTIO0RETCA oHa. IIycTs oTMo:kmIach 3 pasa.
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ITponomxaem nucaTnh
l =~ 27,3.

CroBa Gepem emmumny, B 10 pas memsmyio (1/10 ot 1/10 ).
Ilycte omHa oTaOKmMIach eme S5 pas —

1 = 27,35

u T. 1. IIponecc nsmepenns MokeT 3aKOHIATHCA. ITO CAYIAT-
€A, €CIIM HA O4YepeTHOM Iare mpaBHil KoHenm oTpesKa ! moma-
naer Ha fexenwe. Y pamHa ! BHIPAa3sHTCA KOHEYHOH CTPOKOIA.

Hanpmyep, 1 ~ 27,3504

Ho moer cayumThcs H TaK, 4TO KOHeH OTpe3Ka ! HEKorma
ge pmomafeT Ha fmeiernme. U Torma msmepenme ! moctaBHT Gec-

KOHEYHYK CTPOKY
l ~ 217,3504...

9To HABOAHMT HA MHICIb ONPEAEIHTH NeHCTBHTENBLHHE THACIHA
KaK BCEBOSMOKHHE KOHEYHHE M OeCKOHEYHEE MOoCIeqoBa-
TeJHHOCTH MeCATAYHNX HAdp ¢ (0AHOHA) 3aMATOR MEKIY HEMH;
m¥CUmMTaTH, YTO PA3IHYHHE NOCIEOBATEIHHOCTH CYTh pas-
JAdYHHE AefCTBETEAbHHE Jucaa (HocheHee — HEOCTOPOKHO!).
2. IlycTts m3mepenme oTpe3KoB a ¥ b JocTaBisgeT mocaeno-
BaTeIbHOCTH
a ~ at¥gErD,  qg®, gDg@,
b ~ bERpE-RH), | pO), pWBA,

b

oo

(rme Bce a) m b® — pmecarmusme muppu). Ecam pamma a
MeHBIIE JJIHHH b, TO €CTeCTBEHHO OKHIATh, YTO B NepBOi
(zpm cuere cieBa HampaBo) mape pasamuHHX nHPp (a®) ==
= b®) oxraskercs a) < b, W maobopot (mocregnee — CHOBA
COMHHUTEJHHO).

3. Ecim oTpesox a Memsme oTpeska b, To, HaBepHO,
CYImMECTBYEeT OTPE30K ¢, KOTOPHIA AJIHHHEe a, HO Kopode b.
Nam — aro To ke caMoe — eciIm HEACTBHTENBHOE THCIO a
MeHbme fefcTBATeNLHOr0 Yncaa b, To HOMKHO CYymecTBOBATh
HeACTBHATENbHOE TUCNO0 ¢, Goabmee a, Ho MeHbIIee b. ITo mo-
JKeJIaHHe He CTOJNb OYeBMIHO, Kak 1 H 2, Ho HIMEHHO ero HyK-
HO NPHHATD.

4. Tpebopanua 1—3, K CcoKaleHHI0, HECOBMECTHMEI.
PaccMoTpuM fBe mOCHEeROBATENBHOCTH LIHQD:

a=1,

b=099 ..
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OueBmfiHO, 4TO HE Cym[ECTBYET LOCIEA0BATEAbHOCTH ¢, HPO-
MEKYTOYHOH MeKAy a m b. BosHukaer jmiaemma:

1) nu6o cumrTaTh, 4TO WmOCIENOBATENBLHOCTH a W b MOCTaB-
JIAI0T OfHO W TO Ke YHCJIO;

2) 1uGo CYATATH, 9TO IIOCIEKOBATEJLHOCTH a W b KocTaB-
JAIOT ABA PAa3IAYHBIX YACIA, MEKIY KOTOPHME HET IPOMEKY-
rouHsix. Ilpm ompepmeneHmm fmefCTBATENBOHIX YHCE] NPUHH-
Mmaerca pemenze 1).

§ 3. Onpenenenme geiicTBUTENBHBIX YACEN

1.0npengenenme. [leficTBurensane 49mcaa (me
OTPHIATENTbHEE) — 9TO KOHEYHHE W OECKOHEYHLIe MOCJIefo-
BaTeJbHOCTH HNECATHYHHX HAPp ¢ (ofHOM) 3aumaTod MEMIY
HAMH; IPA 5TOM LIOCIEROBATEIBHOCTD (T. €. GHCI0) ¢ T60CMOM
desamok cuumaemca pagHOlL coomeemcmsylowell «oKpyeaeH-
HOU» KOHeuHOW nocaedosamesvrocmu; HYIH cieBa (X0 mepBoi
3Havameid OuPpH meped 3amATOH) M copaBa (3a mociegHeR
3Havamei nudpoit mocie 3aNATOH) B pacueT He IPHHAMAIOTCA.
Ecim ME X0THM HMeTh MHOMKECTBO BceX (PasiIHYHHIX)
ReHCTBATETHHHX YHCENI, TO yN0o0HO paccMaTpuBaTh Bce 0 e c-
KOHEYHHE IOCIef0BATeIFHOCTH [EeCATHYHHX nudp
¢ BauaToi, HO Ge3 HyJeil cieBa Mo mepBoil 3HaYamed MAPpH
mepeq 3anATOR H 6es XBOCTa AEeBATOK. Takyio sammch HasH-
BAIOT npueedennoii. Bopodem, maOrAa B mpHBENEHHOA 3amdACH
0TOpacHBAaT XBOCTH HYJNEH 3a 3amATOR W, CIEHOBATENBHO,
paccMaTpEBAIOT MHOKECTBO KOHEYHHX H OECKOHEYHHIX IIO-
CJIefoBaTENBHOCTEH, HO y:xe 6e3 XBocToB HyJIelt u 63 XBOCTOB
HeBATOK.
B pannpmeiimeM Bciomy, Ife He OrOBOPEHO IPOTHBHOTO,
nod deiicmeumenbHblM uucaoM a (HEOTPHAIATENBLHEIM):
a ~ atMgEk), g0 gMg®

ey

nonumaemcs OGecKoHedHAsA nocaedosameavrocmb 6e3 xgeocma
desamor (T. e. npueedeHHas).

2.0npepenenne. Ilomaraem a < b, ecam (mas
OpUBEIEHHHX IOCJIEN0BaTeAbHOCTel) B IEePBOH Iape He paB-
HHX a™ == b™ Gymer a™ < bM *),

*) QopMyJIOll BTO MOKHO 3amHECATh TaK: a < b, ecan
@Anvi < n) (@D =b® m o™ L bM),
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Bameuanue. Jasa xoneuno-decamuunwx gucea (1. e.
OpPECTaBIEHHLX KOHEYHHIMU TOCHE0BATENbHOCTAME EPP —
WK, 9TO TO K€ CaMoe, ¢ XBOCTOM HyJeil) Halle ompefejeHue
COBIAfaeT CO CTAPbiM, M TOTOMY HEPABEHCTBO MO;KeT 060-
3HAYATHCA TEM K€ 3HAKOM <.

YnpaxBEeHBHne. [aa AByx 4ucen a u b, corJacHo ompefee-
HHIO, BHIIOJHAETCA Of{HA M TOJBKO Of{HA M3 TpeX BO3MOKHOCTeil:

a=>b(r.e a® = b® mpuncexi), a< b,a>b

(mocnegnee o3HadaeT b < a). HanoMENM, 9TO 37lech NOCIe0BATENb-
HOCTH — IIpuBefleHHBe. [[oKaszaTh.

O6o3magennme. 10", Kax oOwuHO, 06O3HAYaeT
9HCI0
0,0 ... 01 (Bcero n mymei).

Ananormaro m-10-" (rme m — mmdpa ot 0 mo 9) o6GozHa-
qaer amcao 0,0 ... Om (Bcero n Hyxei).

Yupaxuaenune Ecmm0 <a<<m- 10 opu Bcex n (rme m —
nudpa), To a = 0. VKasamme: Hamo yGepmrbes, uro mobas nmppa
a® ecrp HymB.

Teopewma 1. [eiicmeumesvnble (HEOTpAmMATEIbLHEE)
yucaa ynopadouenst, m. e. (a << bu b<c)= (a o).

YV k a 8 a 1 n e. HaiiTn MupnMaxsHOe n, mpn Kotropom: a(™ == b(™
i 6™ = M,

Caegcreme. (a<<bum b<c)= (a <o)

Ynpamxaenue. Ecm a <c, To Halifierca b, gnsa KOTOporo
a < b < c. 910 b MOKHO BHOpPATh KOHETHO-3HAYHEIM.

Pem e e. [IycTh n — MAHEMAIbHOE YHCIIO, N KoTopoM al™<’
< ¢M. Myets m > n — MuEUMaibHOe, mpu Kotopom al™ =£ 9. Torma
nE(pPH MCKOMOTO b MOKHO ONPENeNHTh YCIOBUAMH:

b =a®), o™ 410 mpu i<m, =m, >m.

YnobHo mMeTs DpH3HAK AJA cpaBHEeHHA ancend a = {a®},
b = {b}, sapmamHEX dO0HMHE (He 06A3aTENHHO IpHBEIEH-
HBIMHO) TOCIE0BaTeNbHOCTAMMU:

JJemma 1. IIyemb n — munumanvrelii Homep, dai Ko-
mopozo a™ == b™, npuuem a™ < b™, Toz0a a < b.

HJorxasaTenbcTBO [JIAHHEE, YeM MOKHO OKH-
mars. IlpuBenem (ecim oHa He HpPHBENEHA) IOCIEKOBATENdb-
Hocth {b™}. Tak wkak crapmas m3ameHEWBmascd nuEppa mpm
5TOM yBeJmduBaercs (Ha eMHALY), TO YCIOBHE JEMME COXPa-
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Hsercs (NiA HoBoro 3HaueHma n). Temepsr mpueegeMm {a®}.
Paspsanst aesee a(™ npm srom coxpamarcsa, u6o a™ < b <
< 9. Ecan u tenepp a™ < b™, 10 a < b. Ecam sxe cramo
a™ = b, 10 @™ — yBeAWUUIOCH, 3HAYUT, IIPH BCEX [ > n
craimo a® = 0 << b, Tak uro a << b.

§ 4. Bepxusas rpanmia W BepxHssA rpasb

3necs A = {a} — mEOKECTBO; a, b, c, ... — AeficTBH-
TeALHEIE YHCIA.
Onpepgenenne. Ecam

(IbVaes 4) (a<b),

TO MHOJKECTBO A HABHIBACTCH 02DAHUYCHHbLM CBEPXY, a TUCIO
b HasBIBaeTCA ero BepXHe# epawuyeil.
Ecau d ne apasercs Bepxreir rpammmeir 4, 10 (Ja = 4)

(a > a).

Yonpamuaernns (1) Ecitm 4 C B u ¢ saBidercsa BepXHeil rpa-
"nneil B, To ¢ 6ymer BepxHeil rpamuneit u gud A. (2) Ecau ¢ n d apaa-
10TCA BeDXHHMM TpaHHNAMU Ajisi A U B COOTBeTCTBEHHO, TO max (¢, d)
Oyner BepxHeii rparnueii ;1A A |J B, a min (¢, d) — BepxHeii rpaHnLei
maa A ) Bs£6.

Onpenenenne. Haumenomas u3 BepxXHHX TIpa-

AL, A HaszwBaeTcA BepxHel zpanvio 4 u oGosmagaeTcsa sup 4
miE sup a. Bor 3To ke ompeneneHme B ABYX ymOTPeOHTEINb-
a=A
HEIX 3amHACAX:
(1) ¢ saBaserca sup A, ecam yKOBIETBOPAET ABYM YCJIO-
BHAM:
1) ¢ aBasercs BepxHedl rpammueir 4,
2) m06oe d < ¢ yxe He ABIAETCA BepXHel rpanunei A.
(2) ¢ aBusmerca sup A, ecan:
1) (Vas 4) (a <o),
2) (Vd<cdas A)(a>ad).
3dameuanue. Ecim A mMeer BepxHIOI TrpaHb, TO
TOJIbKO OfHY, HOO BepXHsfA I'PaHb €CTh HAUMEHbULAS U3 BEPX-
HAX TpaHALN,.
Teopewma 2. Ozpanuuennoe ceepxry MmHONECME0 Oeii-
CMEUMEAbHBLY HUCEN UMEEMm 8ePIHION 2DaNb.
HorasarteanctBo. Ilycte A = {a} orpanmdeno
CBepXy M b — ero BepxHAA TpaHUNa. 3anumem b:

b~ bRk, | b, B,
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Yucna a & A mmeror me Gonee k + 1 3maxoB mepen sanaToi.
BanmmeMm ux, HoGaBUB B ciayuae HYKAH HYJIH CiIeBa:

a~ at-Pagtr, g g0, |

HMudpsr at® saementoB {a} (1. e. udpps 2A6MEHTOB a, CTOA-
mue B paspsane saeMenTa bCY) mpmummaror He Goiee HecsaTd
snavenmit: 0, 1, ..., 9. MaxcumaibHOe W3 STHX 3HAYEHHH
o6osmaumm c"., Brbepem u3 {a} Te anementrr AP, y Koro-
pHx at® = ¥, Cpegu AC®) orGepem Te snemenTn A+,
Y KOTODHIX B paspsie sjaeMeHTa bC*+l) HaxommTcaA MaKCH-
MaxsHas nEppa — obGosnaumm ee wepes ¢+, Cpemm A4C*+D
otbepem ACH2) y KOTOPHX B paspsafe saeMeHTa bk+2)
Gyner makcmmanbHasg muppa (cC*?) m . A,

Mu @monyumM mOCAEROBATENBHOCTh ¢ ~ cCHetF+D)
«..c®, ¢, (MOKET CHYYHTBCHA, YTO MOCJIEOBATEIBHOCTD C
HEMeeT XBOCT [IeBATOK). 3aMeTuM, A AajbHe#mero, gto A ™
COCTOMT M3 TAKHX YHCENI @, Y KOTOPHIX

ath) = o0 gD — B gm) = o),

ITokaskeM, uTo ¢ ABIAeTCA BepxHe#l rpambio A.

1) ¢ saBnsercs Bepxmeit rpammmeit A. [efctsmrensHo,
oyete a = A ®ma~ at® ... a®, a® ... — npencrasienue
6e3 xBocTa fieBATOK. Bo3MOKHEL fiBa caydas:

— am60 a &= A® mpu Beex i. Torga a® = c® npum Bcex
i, m, 3HAUYUT, @ = C;

— ambo cymecTByeT Takoe n, 4to a = A® mnpm Bcex
i<<n, B0 a £ A™. Torna a® = ¢® mnpm Bcex i < n, HO
a™ < ¢™. U, 3aaunt, a < ¢, HE3aBECHMO OT XBOCTA IEBATOK
(cormacmo memme § 3).

2) ¢ aBagercs Bepxueit rpagsio A. JleficTBETONBHO, TYCTH
d < ¢ u (B 3anmcm Ge3 XBoCTa /IEBATOK)

d~dem, .. do, q0,
Haiigercss Taxkoe n, uro
d® =c® ppm Bcex i<n, HO d™ <™,

Ho Torma n06oe a = A™ Gynmer Gonsme d, m6o a® = d®
upz Beex i << n ® a™ = ¢™ > d™, Tax xar oGe mocaemo-
BateasHocTE {¢®} m {d)} npusenennmne, To a > d.
3ameuganme. Ecam muomectrBo A He orpaHmdeHO
CBEepXy, TO TOBOPAT, 9TO OHO HE MMeET BepXHe# rpaHm, HO
OUmyT
sup 4 = 4 oo,
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Vupasxkaenne. [ycts f (z, y) — dyEKnus ABYX mepeMeHAHX.
IIpoBepuTh, uTO

sup f (z, y) =supsup f (z, y) = supsup f (z, y).
x, v x y Y ]

Mu mocTogEHO GyAeM IOJB30BATHCA CIEAYIOMEd TepMa-

HOJIOTHeH:

HasBaHHe o6o3Hauenne onpepeieHne
uHmepeas (a, b) alz<b
ompesox [a, b] a<z<b
noayurmepeas (a, Bl alz<b
noayompesox la, b) a<<z<b

U 21060 B3 ITAX MHOKECTB GyneM HAa3HBATH 1 DOM EHCYMKOM.

TeopeMa 3. V6usawwas nocaedosameavrocms om-
peskog I, =2 I, = ... umeem 06wy mouxy.

HDoxasarteancrtBo. Illyers I, = [a,, b,], Tar
aro

Uy < Anyy < by < by
Jlo6oe b, ABnsAercs BepxHeil rpanmned {ax}, nbo
opE k<< n mMmeeM ap << a, < b,
opu k> n mMeeM ap << bp << b,.

B wacrrocTH, cymecTByeT a = sup ax. Jlas Hero

a > a, Opu Bcex n, u60 a — BepxHAA IpaHb {ar};

a < b, opm Bcex n, ubo a — BepxHAA rpads, a b, —
BepxHssA rpaHdna aiaa {ax}.

3uaunt, a, < a << b, mpm Bcex n.

3aMegaHHe. YOHBaomasa IOCIefOBAaTeJLHOCTh HHTEPBAJIOB
MOKeT He HMeTh o6meit Toukm. Hanmpmmep, ) (0, 10-7) = 6.

OmpepieleEnA HE)KHEA TpaHENH ¥ HWKHe# rpamm (inf)
aHAJOTMYHH ONpENeNeHAAM BepXHe#dl TIpDAHHINH M BepXHel
rpasm.

Jlemuma 2, Jwboemrorecmeo HEOMPUYAMENLHELT Ylcen
umeem HUNCHIOW 2DAHb.
. JlorasaTeabcTBoO. J3afaHHOE MHOMKecTBO A
WMeeT HIDKHIONW rpaEumny — Hampumep wmcao 0. Ilyers
B = {b} ects mHOKecTBO Bcex HWKHEUX rpammy A. Mmuo-
mecTB0 B orpammueno cmepxy (n06M a & A) ®, 3Hauwmr,
cymecTByer b’ = sup B. Jlokaxem, aro b’ — HIKHAA rpanb A.

Besxkoe a > b’, w60 a — BepxHsaaA rpaHmma, a b’ — Bepx-
HAA TPaHb MHOMKecTBa B.

JInboe b << b’, smaumr, b’ — HamGoabmas H3 HEKHHAX

rpamamn A.
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§ 5. Orpunatenbnbie aHCAA

Kasxmomy (EeorpumaTensHOMY) 4HCIYy a ¢TaBATCA B CO-
OTBETCTBHME YHCIO0 —a (W300pa)kaeMoe TOi e MOCJIELOBa-
teapHOCTEI0 muPp {a®}, HO coO 3HAKOM MHUHYC BIepenw).
MHuoxKecTBO ¢cex HEHCTBHTENBHEIX YHCEA [OYIOPHAIOYHBA-
ercs mo mpasuay (3aecba > 0m b > 0 — Hamu cTapse 9rcaa
Oea 3HaKa):

—0=0; —a<{b, eciz a=0 nam b 0;
—a < —b, ecam a > b.

B panbmeiimem, mo ompepenenmio, —(—a) = a. Tar 410
|a| = a (mmm —a) opu a > 0 (mpm a < 0).

3daMegaHnme. Jlerko mpoBepWTh, 9TO JEHCTBHTEIb-
Hbe gAcaa ymopsagodeHs: T. €. (a < b m b < c)= (a < ¢)
IS MI00BKIX MedCTBATENBHEIX YHCeld a, b, ¢ (I0NoMHATe bHHX,
HYJS W OTPUNATEIBHEHX).

Jemma 3. Ilycmv A = {a} — aw060e mHoxcecmso wucea.

(1) Ecam cymectByeT sup a, To cymecTByer inf (—a) =
= —sup a.

(2) Ecam cymectByer inf a, To cymectByer sup (—a) =
= —inf a.

JoxaszarteancTBOo. B caysae (1) nomosxum
b= sup a. Torga n1060e a < b m, spaumt, —a > — b. Ecan
—c¢ > —b, 10 ¢ < b m mHaiigerca a > ¢. Torpa —a < —e.
3uaunt, —b ects inf (—a). B cayuae (2) momomam b = inf a
H IpoBefieM AaHAJOTWYHOE PACCMOTpEHHE.

Teopewma 4 Oepanuuennoe ceepxy (chusy) mroncecmeo
umeem eeprHiolo (HUNCHIOW) epaHb.

HoxasarteanncTBo. Ecim 3afaEHOEe MHOMKECTBO
A = {a} mMeeT HeOTPHIATEIbLHHE® JIEMEHTH, TO JOCTATOYHO
B3ATH HX BePXHIOW rpadb. Eciam sxe A cOCTOHT JUIIb W3 OTPH-
HaTeJbHEIX 9UCEJ, TO MHO}KeCTBO B = {—a} cocromt ammb
U3 IOJIOKUTENHHEIX THCEN K HMeeT HIKHIOK rpadb b=inf{—a}.
Ho Torma (—b) sBasercs BepxHeit rpambio jaasa {A}.

§ 6. Apupmermueckne AeitcTBHA

M= GymeM mpepmoiaraTs, 9To apupMmerndecKue NeAcTBHA
+, —, X onpefeJeHH MJs KOHEYHO-3HAYHHIX JECATHTHHIX
9mces W CBOMCTBA THX JAeilcTBmil m3BecTHn *). Hama sagaua

*) OHM CBOAATCA K MEHCTBHAM C EJIBIMI YICJIaMH, I 3TO U3BECTHO
W3 MIKOJIH.
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@b PACHpOCTPaHATH apudMeTHYECKHe NeHCTBHA HA Jei-
CTBHTEJbHEE 9HCJIA.

OnpegeneHne CIOMKEHEA N YMHOKEHASA NEHCTBU-
TeJBHHX YHCEI:

a b =sup (4 B), } “

¢ X d=+4sup(y X 9),

rae sup GepyTcs mo BceM KOHEYHHIM Apobsam a, P, v, 6, mox-
9MHEHHKM HepaBeHCTBaM o <la, P<<b, 0<<y< ||,
0<d < |d|. 3max -} (—) Gepercs, xorma ¢ m d ofHOTO
3HaKa (pasHbiX). BepxHme rpanu B (*) CymecTBYOT, TaK Kak
MHOKecTBa {00 + B} z {y X 8} orpanmienn cBepxy. IlepBoe
gqucioM apy + 1 + by + 1, BTOpoe — orpaHHYEHO THCIOM
(| eyl + 1) (| doyl + 1) (3mecws cqy m dpy — dactm ¢ m d
meper 3amAaToi).

ITonpaysces npuBeleHHKIME OLIPE/IeICHAAME, MOJKHO BBECTH
BJA MefCTBATENBHEX YHCEN BHYHUTAHWe, JeJeHHEe, BO3Be-
JeHHe B CTeIeHb W JorapmpmMupoBanme. MoxHO ycTaHOBHTH
ajre6pamyecKme CBOHCTBa AeiicTBuil. Bce aTo unrarens MoxeT
HaiTH B HWKeclefyiomeM JlomoiHeHWH, KOTOpOe ClemyeT
OPOYeCTh IOCJe YCBOGHHs OCHOB MaTeMAaTHIECKOI0 AHAIH3A.

Jlo aToro MsI peKOMEHAyeM M0Jb30BAaTHCA M3BECTHHIMHA H3
IIKOJIEL CBOMCTBaMu anre0pamdecKHX AEHCTBHE Kak HeLOKa-
3aHHHIMH TEOPEMAMH.

IOBABJIEHHE K TJIABE 2
APHAOMETHYECKHE JTENACTBUA

B oTom paspene mpeanonaraercsi, 9To YMTaTeNb yse 3HAET OCHOBHI
aHa/M3a; yMeeT JOKA3HBaTh, 4T0 (YHKIMA, PABHOMEPHO HelpepHBHAA
Ha BCIOAY INIOTHOM MHOKeCTBe, OFHO3HAUHO IPOLOJIKAETCA A0 QYHKINH,
HeIIpepPHBHOX Ha Bcei npﬂmoﬁ.

37aech mecTh feificTBHit apudMeTHKY pacIpoOCTPaHAITCA Ha AeHCTBH-
TeJIbHEE 9UCJIAa U JOKA3HBAXITCA OCHOBHEIE CBOMCTBA 9THX JeHCTBHM.
HexkoTophle ompefie/IeHUsI W CBOWCTBa apuMeTHIeCKMX AeHCTBUE Ipen-
nongrg:o’rcﬂ H3BeCTHEIMU U YCTAHOBJIEHHEIMH [i7IA1 KOHETHHIX IeCATHYHEIX
Apobeit.

Bor ocHOBHHIE CBoOjicTBa:
1) Cnomenmue:
(1.1)a-|—b=b+a' (1.2) (a—I—b)+ = a4 (b4 ¢);
(13) a4 0=a; (14) a—a=
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(1.5) a + z = b umeer efmHcTBeitHOe pettieite z = b + (— a);

(1.6) y = a 4 = cTpPOro MOHOTOHHA;

) Jat+b|<<la|+ 0]
2) Yunu OMeHN®O

2.1) a-b = b-a (2.2) (a-b):c = a- (b-c);

(2.3) 0a=0 1-a=a;

(2.4) y = az npm a 5= 0 cTporo MOHOTOHHA;

(2.5) y = z OpHE a 5= (0 mMeeT pemeHHe (eAHHCTBEHHOE).
)CnoxeHEMme MW YMHEHOMGOHHE®

3) G
3.1) a (b + ¢) = ab + ac.

4) Cremenbp (c ocHoBaHmeM > 0; 0° He ompefeneHo)
(4.1) aba®=ab*e;  (4.2) a%°=(a-b)5
(4.3) (ab)c = abe;
(4.4) a* = b umeer emgmHCcTBeHHOe pemeHHe (0 < a == 1);
(4.5) y = a*, npa 0 < a 51, cTporo MOHOTOHHA.

Jis KOHeYHO-3HAYHEIX npoGen IpefloJIaraeTcs yCTaHOBIGHHEIMA:

B rpymme 1) — CBOMCTBA 1.1) — 1.7,

B rpymme 2) — cBoicTBa (2. 1), (2.2) m (2.4),

B rpyume 3) — cBoiicTBa (3.1).

B rpynme 4) cremeHB mpeAmosaraeTcA onpefeleHHOR AJIA KOHEIHO-
3HAYHOTO OCHOBAHHA W HATYPAaAbHOIO IOKasaTelA. [ljA 3THX ciydaeB
CUATANTCA yCTaHOBIeHHHMH (4.1) - (4.3) m (4.5).

Iepeiifem k mano:xkeHnio. K coxaneHmio, HanGolee KOPOTKAR MyTh
¥y Hac IPOXOJHT 9ePes IPAMOe AOKABATEAbCTBO CYMEeCTBOBAHMs PasHOCTH.

B aToM [[oGaBieHnn JaTAHCKAS OYKBH 0003HA9AI0T AeiiCTBATEALHEE
9HCHA, A 2pevuecKue — AUWbL KOHEWHO-3HAYHbe (KpoMe g, O, ).

1. BenoMoraTensHble omeHKH. C YHCIOM a 1 €ro npnnenennoﬁ 3a-

nmceio 4 (¢} casixen HaGop YKOPOUOHEKX THcel 4 ), Te (n — HelI0e)
agf) =a® (mam 0) npm i << n (upn i >n),

H eCIH @ EMeJI0 3HAK MUHYC, TO OH CTABHTCA Hepef &,
BMmecTe ¢ WACIOM @ ME 9acTo GyfieM paccMaTpHBaTh 4ncia

Bny Gny — 107", By + 10™.

9ro ymobHO, TaK KaK 4mClIa 9TH — KOHEUHO-3HAYHHe W JeiicTBHA -,
—, X IJiA HAX H3BECTHH.

3amuce 10 oGosuagaer wmeao 0, 0... 01 (Bcero n myaer, n —
HaTypajibHoe).

Jdemma 1. Jas awbuz a u n (a —aeiAcTBATeAbHOE, N — HATY-
palbHOE) uMeex

By — 107" S 2 < 8y + 107" (*)

HeitcTBrTebHO, IpH a > 0 9TO CilefiyeT U3 OIpe/iesIeBHsA CPAaBHEHAA.
Ecou xe a < 0, To BBeieM b = —a > 0 u JyIA Hero HoJy4uM

By — 107" b by + 107"



Ho nockoabky b = — a, b(n) =—au,u TieicTBHA ¢ KOHOYHO-3HAYHEI-
MA YHCIAMH H3BECTHH, TO — @, — 10 < —ag —a + 10~™.
MeHAA 8HAK BO BCeX YacTAX HePABEHCTB, MOJydaeM ().

Jlemma 2. ITycme {v,} — nocaedosameavrocms, r u y — uucia, a
m — yugpa. Ecau npu scex n =1, 2, ..., 6ydem

Vo— mA0T 2 S Y SV + me107,

mo z=y.
JleAcTBATENBHO, NPH * < y HAmuach OH o ® f, AIA KOTOPHIX

r<a< B <y, u Torga
vp— m A0 a < B KV + m 10"

Orciopa 0 < B — @ < (2m)-10™™. CaegoBartenbso, f — a = 0, Bo-
mpeK: BHOOpY 9THX umcel] (3aMeTHM, 4910  — o ompefielieHO W Bce fiei-
CTBHA 3aKOHHH, HGO o, f, v, — KOHeTHO-3HATHEe).

JleMMa 3. a = sup & no écen o < a.

JHeiicTBATOIBHO,

a. ., —10"supa<<a<<a 107",
(n) \a<g < < n) +

2, Cnosxenme. Iloyoxmm
a@®b=sup (a4 B)moBeceMma <amf b

HOCKOJH:RY AJA KOHEYHO-3HAYHBIX YHCeJI CJIOyKeHHe MOHOTOHEHO, TO
pdv= sup (@+Pf=un-+wv,

a<sy, By

H MBI MOKEM BMeCTO (D HmO-Ipe;KHeMYy HmHcaTh --.
Jl e M M a 4. Caoscenue caabo moHomorko, m. e,

ecau a1 a3 u by < by, mo a3+ b1 < ay + b

HeiicTBHTENBHO,
at+b= sup (@+B< sup (a+B)=at b
a<ay, B<hy a<a,, B<bs

Teneph HeTPYAHO [OKa3aTh OCHOBHEI® CBOHCTBA CJIOKEeHHA.
(1) a4 b = b + a. IT0 caexyer U3 onpeneICHHAS.
@) (@4 b)+c=a+ (b+ 0.

HorkasaTeuabcTso. Us craboil MOHOTOHHOCTH HMeeM
8my by + Cm — 310" < @+ B+ o<
S0y + 8y + 6y +3-107%
a(m + b(n) + Cm) — 340" et b+ o<
S 4y + by F €y + 3.107
Orcopa, no nemme 2, HOTyIaeTess paBeHCTBRO (2).
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(3) a -+ 0= a, n6o mo nemme 3 m caaGoH MOHOTOHHOCTH

a+0= sup (a4B)= sup (@+0)=a.

asa, B<O0

OnpenenuM gwuumanue, mojarasg b — a = b 4 (— a).
(4) a — a = 0. JeiicTBuTenbHO, 1m0 ciaab0ii MOHOTOHHOCTH

(agy = 107 +(— 8y —107) <e— @ < (agy) + 107 +
+ (—agmy + 107,

=240 a—a <2107,

f, 3HAYMT, 9nci0 a — a = 0.

(5) YpaBHeHue a + r = b uMeeT eIWHCTBEHHOE peMmIeHAE z =
=b—a.

HeiicTBATeAbHO, 6arofaps KOMMYTATABHOCTH WM aCCONMATABHOCTH
a -+ (b — a) = b + 0 = b. HaoGopor, ecan z — pemenne, T. e. a -}
+z=b ™ —atatz=—at+bunul0ftz=b—a z=
= b — a.

(6) dyEEnEA y = a -+ z CTPOro MOHOTOHHA. JlefcTBMTesbHO, OHA
ca00 MOHOTOHHA M He IOBTODsI€T CBOMX 3HATOHUH.

(7) Ecim b > a, 10 b — a > 0 n obpaTtHO. [leiicTBuTeNbHO, NpPHA
b > a w3 cTPOroii MOHOTOHHOCTH CjefyeT: b — a >a — a = 0. Ha-
o6opor, ecit b —a >0, 0 a<a-++ b—a=h.

Haxoner, BepaBencTso | a | b| <{| a| + | b | mpoBepsieTcsa fus ciy-

9JaeB pasaMIHHX codeTaHHA sHaxoB. Hampumep, mus [a| > b|m a
nbpaTme 3HAKOB uMeeM |a + b|=|[|a| —|b]||<|a]l <] a]
.
+1al.
Orciofa BHTeKaeT, 9T0 |a — b | >|a| — | b .

JleMmMMmad. Hycms sadann deiicmeumeavroe € > 0 u namypasdhoe
N. Haiidemesa roneuno-snaunoe & >0, das womopozo N-8 < e.

JleiicTBuTe1PHO, BO3bMeM HATYpaJbHEE m U n TAKAMHA, ITOOH OHLIO
10-™ < & 1t 10" > N. Torpma gas & = 107™™ Gyner N-6 < 10" & =
= 10" < &.

Teopema 1. Qyuryuu z = xr 4 y pasHomepro HenpepugHb nO
COB0KYnHOCMU apaymernmos.

IleiicTeuTenbHo, Aya mioboro ¢ > 0 maimeres 6 (0<< 6 4 6 < g)
Takoe, 94TO

(A2 <8, [Ay|<8)=|Az|=[Az1Ay|<|A2 |4 |AY[<e

(3mech & — JGIICTBATENBHOE YHCJIO).

3. YmHOKEHHe.

Teopewma 2. Oyuryua ¢ (o, B) = a-f pasnomepro nenpeprisna
8 110601l 02paAHUeHHOI 06aacmu.

IloxaszaTenabcTs 0. [lia KoEeuHO-3HAYHBIX Aa 11 AP mmeeM

Ap = (@ + Aa) (B + AP) — af = a-AB + B-Aa + Aa-Af.

ITycTts 3amaEo HaTypagbroe N u ¢ > 0. Haiinem xomeuHO-3HATHOE
0< 6 < 1, paa xoroporo 3N-6 < ¢. Torma

[Ax| <3, [AB] <8
la| <N, [BI<N
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Onpepgenenne mnpomsBepenunsa IlpogomxnMm Do
HeIOpepeBHOCTH @ (o, P) = a-P Ha BCio miIocKocTh Ozy u 0GO3HAUMM
OOJNYINBIYIOCsA (GYHKIHIO depe3 z-y *).

3dameuanue. Tak Kak 1:a = @, T0 1.2 = z.

Teopema 3. Vmuoxenue accoyuamusno, KOMMYmMamusHo u
ducmpubymusHo.

JlokaszaTenbcTBa BCEX TPOX CBOHCTB IPOBOAATCS OXMHA-
KOBO. BBepiem fy (z,y) = zy — yzifo (2, ) = (zy) 2 — z (y, 2); f3 (z, ) =
=z (y + 2) — (ry + zz). IT™H (YHKOUE HEOpepHBHH IO COBOKYI-
HOCTH CBOHMX apryMeHTop. OHH 00pamaiTcsa B HYJb HAa BCIORY ILIOT-
HOM MHOKECTBe KOHEYHO-3HAYHHX z = a, ¥ = B, 2z = y. Iloatomy

file, D=folz, Yy, 2) =f(z 9,2 =0.

JJemma 6. Ecauzg > 0uyy >0, mo z4-y, > 0.
HJorxasaTteanbcTBO. BozbMeM 0 p<z 0 1< y,.
Torga

zo-yo> iof  (@ey)= _inf  (a-f)=p-n>0.
x>, Y=>1 a>u, B>n

Teopema 4. y = ax npu a= 0 monomowHa, HenpepusHa U
npuruMaem eéce 3naueHus om —oo 9o --oo.

HoxaszarenscTBo. Ilyets z; < x,, TOrma ar, — ar, =
= a(ry— 7)) >0 mpu a >0 (u <0 mpm a < 0).

Yy = ar OPUHMMAET CKOJb YrOfHO GOjbIINe M CKOJb YTONHO MAJhie
(oTpunaresnbubie) smadeHus. IlycThb N — HATypanbHOe, | a [> 107" n
Zy, = +N-10". Torma | azy,, |>10™ N10™ = N, nDpumuem az, u
ar, IMEIOT pasHbie 3HAKU. Il pousBefieENe y = a-z HEIPEPHIBHO IO COBO-
KYIHOCTH apTyMeHTOB (a U r), & 3HAYAT U 00 mepeMeHHOMY z. [loaTomy
Yy = a-z OpHHEEMAeT Bce 3Ha4eHMd (upH a % 0).

CnenmcrBue 1.y = azx upu a 5= 0 nuMeeT 06paTHY0 MOHOTOH-
HY0 1 HeOPEpHBHYW QYHRUUIO, komopas o6oswauaemes = = y/a. OHA
OIpefiesieHa BCIOY; TéM CaMhIM BBEJEHO deaenue. [lnA Hero

z = (az)/a; y = a-(y/a) Opu Bcex z, y u a 5 0.

CunepcrtBue2. YpaBEeHne b = az npu a 5= 0 AMeeT pemenne
z = b/a. 910 pemenne eguHCTBeHHO® (100 y = ar MOHOTOHHA). Ecan
a71= 0, 10 a = 0 wnm b = 0. Haxomen, a-1 = a, oTKyfa a/fa = 1 n
a = a.

4. Heckonbko monesnsix dgopmyia. MH ompefenman CHOKeHHE H
YMHOKEHH® [IefiCTBHTeJBHHX umcea. J(OKasanm KOMMYTaTHBHOCTb H
acCONUATHBHOCTh 3THX MAEHCTBH M RUCTPHOYTHBHOCTE CIIOMEHMA OT-
HOCHTeIbHO yMHO;KeHWsi. J[OKazaHO, 4TO ypaBHeHue a - r = b nMeeT
e[HHCTBEHHOE pemeHne r = b -- (—a), 1 4TO ypaBHeHHEe ax = b UMeeT
opn a 5= 0 equHCTBEHHO® pemeHme, KOTOpoe 00ozHadeHo z = b/a. Ilo-
9TOMY paBHOCHJIPHH DaBeHCTBA:

a="5b, ca=cb, a/c=blc (upmc=0).

*) IIo stomy ompepmemenuio zy = lim (af) upu « -z u B — y.
Tlouemy OBI He BBeCTH Tak cjo)keHue? IloTomy, UTO paBHOMEpDHYIO He-
TIPEPHBHOCTh MBl OHNpEfeNHIN C MOMOMBIO BHYNTAHIA.
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Otciona cosepmeHHO (OPMAJBEO BHBOASATCA NpAaBMia JEACTBHAM
¢ BHpaKeHAAMA BHAA b/a, IACANTENN 1 3HAMEHATEIN KOTOPHX — NI00bIe
MeHCTBUTEAbHEIE (2 HE TONbKO IeJble) yncsia. JHaMEeHaTe N, pagyMeeTcs,
JO/UKHH OHITH OTAWYHH OT Hyjsa. Bor aTm mpasmia: a - (b/a) = b (1o
ONPeJIeIeHNIO);

b .
(1.) ?_l.j:.b_z;=______a2 1j:lllb2; (2) b_l-b.l=bl bz;
a1 az aiaz a az ai-az

&) w: b —u B wactaocrm, 2°¢ =
a

T =

8o

HoxaswBaoTca (GOpMYIH [OCTIENOBATENBHO, HO [OKa3aTelbCTBa
OYeHb IOXOKH — 00G€ YacTH [OKA3LHIBAEMOrO DPABEHCTBA YMHOKAIOTCA
HA «3HAMEHATeJb):

1) aira (Z—j =4 g-:-) = (ﬁlalia:_lbz) - @103,
b

b
as-a1 -~ 4 @183 2 = asbr - aibs,
ai az

azb1 4= a1ba = aszby - arba.

b1 b2 bib2
2 a a . — 0 — —_— __-‘z a
@) mas (a1 az) a1a3 1

ai b_loazb_2 = blbz; blbz = b]bz.

a  a
b b ¢ b .
3) T.((bTua))=7.(u.%); u=u-7-%.. u=u.

5. PanuoHanbHEIE 4HCIA.

JleiictBEss Hapx  fABajmaTb  BTO-
PHMHA ¥ TPHALNATH CEAbMBIME ROAAMHU
ABIANTCA MydeHHEeM, KOTODOMY ydH-
TeJIsl NOJBEPraT [ABEHAANATHICTHAX
JleTeli W3 YUCTOro cagmaMa, 0e3 BCsA-
KOl HafOOHOCTH, MOryme#l CHIpaTh
POIb CMAT4AIOMEro OOCTOATENHCTBA.

Jdebee

Ilesnsie 9mcna ABAAITCH ReACTBATEIbHEIMH, 3HAYAT, AEHCTBHTO;Ib-
HEIMH ABJAIOTCA H BCe PanuOHAJbHHE YUCHA m/n, T. €. KODHA yPaBHE-
HO# nz = m ¢ neasMa xosddunuentamu (n == 0). IIpaBmna pgercTBHM,
OIpeJIeIeH e I AeHCTBUTEABHHX YHCOJ, YHOBAETBOPAKT GOpMyIaM
pasfiea 4 m, ClHef0BATeNbHO, M PANMOHAJBHEIX UMCEN AT Te ke
pesyabTaTH, 9TO U HeHCTBHUsA, ONpefeJeHHLEe B IIKOJE.

6. Cremens.

1) CremeHEb C meJHM IHOKaszaTeudgeM.

a* = a..a(n pas) opu n > 0,
a’ =1 (a=0),
a*=1/a™ opu n< 0 (as=0).



Jlna crenemu, ompepenesnofi Takum o6pazoM, HEMOCPEACTBEHHO
nposepsaoTes (4.1) — (4.3) mpnm nenom moxasarese.

Jlemma 7. f(x) = «™ cmpozo monomonna, npu z > 0 u yetonm
n = 0.
Heiicteutenasro, nycts n > 0. (ITo mepyxnuum): ecam 0 < 21< 2
10 0L AL 10<d 0< < dnl s nr. a

Ecamnexoen > 0,10 2" > zopuz >, a2 < zmpn0 < z < 1.
Ecau sxe nenoe n< 0, Toz" < 1/z mpm z>1,m 2" > i/r npm
0 < z< 1. Takam oGpasom:

Has yeaozo n == 0 gynryus y = z® npu z >0 — cmpozo mono-
monKa, Henpepwena W npuruMaem ece 3navenus y > 0.

2) KopeEs ¢ meagHM NOKaszaTegem OyRKnaa
z = y'/, oGpaTHan K y = ", MOHOTOHHA, HENPePHBHA NI oupepeeHa
opu Beex y > 0. Jlaa mee

@M="V =z (memoe n=0, 2> 0).

3aMeTuM [jas AaJjgbHEAIero, 4To a:'/‘ = z.

3)CremeBsbh ¢ PAaQHOHAJIBHHNM UOKa3aTegeM.
Iycts k/l = m/n u z > 0. Pacemorpmm yy = (V! un y, = (z™)V/7.
JIE T8 :170.4

1 m
y1=wk' 7/’21=x )

m km mk nk
Yy =T =27 =Y, .

Ho Im = nk u B cuny mosoToHHOCTA QPyHKOouu f (y) = yP momaydaem
Y1 = Up. 3maunt, (z™)V"® sapucnt aums or oTHOmeHMA m/n (a HO oT
caMUx m H n).

IToaToMy BBORUM 0GO3HAUEHH® JISI CMeneHu € PAYUOHALbHBM NOKA-
sameaem:

g™ = (z™) U,
Bamegamme. (@™ "= ((a™)V™™ = a™, B wacrHOCTE,

a™= (@)1 =™ g W' =ql=a.

Braropaps MOBOTOHHOCTH QYHKOUIA, pABHOCHABHE PABEHCTBA a™ =
= d*, a =0, a/™ = pi/™. Orcroma BuBOmATCA Tpa GopMYynL:

) ( ak/l) min _ a(km)/(ln);
(2) ( ab)m/n — am/nbm/n;
3) ’ M gMIn e g (KIDH(mYM)

JlOKasHBAWTCA OBH HOCIEJOBATEJIBHO, HO OJWHAKOBO — BO3BE-
neHnmeM ofemx 4dacTell paBeHCTBA B CTEOeHb «3HaMeHaTens». Ilpm
9TOM HCHIOJb3YeTCA «3aMeYaHHe» M MPaBHaA CJIOMKEBUA ¥ YMHO)KOHHA
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«ApOGHB(X BBIPAKEHHIN:
(1) ((akﬂ) m/n) nl — (a(km)/(ln)) 'I’Il,

(ak/l) im__ akm’ akm — gkm,
@ (@)™ = (@""pmm)",
(ab)m — (am/n) n.(bm/n) n (ab)m — a™p™.
3 (ak/l_ am/n) nl__ ( ak/l+m1n) nl,
(ak/l) nl, (am/n) nl__ a(k/l+m/n) nl’
aln. gml — ghn+lm,

JTemma 8. ¢ () = a® asasemecs Monomonwoii Gynkyueii om o

(mpn 0 < a == 1).

OHorxaszaTteabcTso. lIpu b <1 m maTypaabHoM n OypmeT
b" < 1. MoaTomy fins o6paTHO# Gymknun a/™ upn a > 1 6ymer al/™ >1.
Orciofa  a™™ > 1. Temeps fnsg a > 1 1 a < B HaxoAmM

-
aPla® = aP*>1 u aP >a*.

lpr a<1 m a<P noxydaem a/a® = aP® =(1/0)* P < 1.
4) Ctenens C QHOeHWCTBUHTEABHEM MOKa3sa-
TeJeM.
JTemma 9.a¥™ — 1 npu n'— co dan xandozo a > 1.
JNJoxaszaTeabcTso. Ilomoxum
A" =1 1 h.
Torga h>0 u
a=(1+h">14 nh.
Orcronia
0SS (@a—1)/n—0
IpH n — oo.
Teopema 5. Dyuryus @ () = a* pasnomepno nenpepwsna na
awb6oxu ompesxre (a > 0 n PuKCHPOBAHO).
HoxaszaTreagbcTBoO. IIyeth o< i — ;BE TOYKM oOTpesKa

[— N, N1, naxopgsamuecsa Ha paccroanmu ff — a < 1/n. B oboux cay-
qaax (e >1 i 0< a< 1) Opu n — co COOTBETCTBEHHO MOIydaeM

0<aP —a* =a*@P*—1)<aV.(@¥"— 1) -0,
0<a*—a® =aP (@ P —1)<a ™. (1/a)/" —1)—0.

Onpepnenexnue. [Ipogomras ¢ (¢) = a* mo HempepwBHOCTH,

HoxydaeM nokasamesvryio QYEKRHIO @ (z) = 4, MOHOTOREYH W He-
OpepHBHYIO IPH BCEX z, A awboro a > 0 (mpu a = O ¢pyHxuua onpe-
ZesqleHa TOABKO Aas x > 0).

Crenerb o06afiaeT ABYMs CBOHCTBaMH:

(ab)* = a"* m a**V = o*.av.
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f[.uﬂ IOKa3aTeIbCTBA 3aMEuaeM, YTO0 pasHOCTL MEKIY npanoﬁ n
JeBOM YaCThI0 HENPEPHIBHA MO 06€1M MepeMeHHKIM z 11 y I 00pamaeTcs B
HYJIb Ha ABaK/bl KOHEYHO-3HAYHHIX TOYKAX (o, P).

Ononpenenenue. Cmenennoii pyEKUHeH HasuBaerca y = z%.

Ona onpepesiena fjis Bcex z > 0 Bcerpia (a Kpome Toro, ansg r = 0
opu a > 0 1 gas 2 < 0 mpu HATYypanbHOM a).

y = z® HempepmBHA. [leficTBuTeabHO, npu z > 0 umeem (|Az| < z)

Ay = (x+Ax)a—-za=x“[(1+9§)“—1],

g a, 3akmioueEHOTO B mpefenax — N << a < N, B CIJLy MOHOTOHO-
CTHI TIOKa3aTebHOI Qpynknun (Az > 0),

(2 st (2

xz

O6a rpaHNYHHX 3HAYEHUA CTpeMATca K 1 upu Az — 0. 3gagut, Ay — 0
npu Az — 0. Ilpu Az < 0 BHKIaAKH aHAJOTHIHEL.
Ecan sxex = 0, To gas 0 << a < N npu Az > 0 umeeM

Ay = (Az)* < (Az)N = 0 npn Az — 0.

W3 =enpeprBHOCTH CTeIEHHOH M IOKA3ATENbHON (YHKIUIA BHITe-

KaeT HeIpepHBHOCTh ux cynepnosunuu z = (a*)¥ mo o6omm mepemen-
HBIM z U y. Baaropapsa sTomy gopmyna

(ax) V_ axy

pacmpocTpaHseTca ¢ KOHEYHO-3HAYHHX (z, y) HA BCe AeiiCTBUTEIbHHE.

7. Jlorapudm. MoHOTOHEAs HEnpephBHasa GYHKNUA y = a* numeer
o6paTHyI0, o00o3Hauaemyio z = log, y. O6parHas onpepenena upuy > 0
Aasga > 0,160 @ (o) = a® npuEEMAanA CKOJIb YrogHO Goxbiine B CKOJXb
YrofHO Majhe (IDOJOKHTeJbHEE) 3HadeHHsa. Taxkum obpasom (a > 0):

z=logga* mpm mobom z,

log, x
z=a %a npa = > 0.
IToatomy .
log, x o log x+log, ¥
zy=a a ¥ %V _ %™ 1080 Y
log, x log, x
Y= (a a7y = o %a”,

JlorapudMupyss 3TH paBeHCTBA, HOJYYaeM
log, (zy) = logg =+ log, v,
log, (z¥) =y log, =,
log, (2/y) = loga = —log, y.
Haxomen, morapudMupys TommecTBo z = a'°%a®, moayuaem logy z =
= (logg z) logy a u logg x = (logy, x)/ (logy a).
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8. pyrme cnocoSn onpefienenns nelicTBATeIbHHIX gHcen.

AKcHOMAaTHYeCKO® oOmpenejeHne 00-
MafiaeT TOMH )K€ HOpPeHMMYNIeCTBAMHE
Hepej HOCTPOGHHOM, 9TO H BOPOBCTBO
mepep YeCTHHM TPYAOM.

Paccea

B HEKOTOPHIX PYKOBOACTBAX AEACTBHTEJBHHIE UHMCJIA CTPOATCH aK-
cHoMaTAyeckn. VIMeHEHO —

00bABAACTCS, YTO HEACTBATENBHHE YACHA — STO YHOPAXOYOHHO®
MHOKECTBO 3JIeMEHTOB, AJisi KOTODHX OIpe/eeHH ONepanuy CAOMKeHHs
M YMHOM@EHHs, 00/1a/laj0ne BceMA arebpandecKuMu CBOMCTBAMHA M CY-
mMecTBOBAaHMEM TOYHOH BepXHEd rpaEn y OrpaHMIEHHOTO MHOKECTBA.

3aTo mocixe 3TOT0 OCTAaJBLHHE CBOMCTBA IOKABKIBAIOTCS COBEPMIEHHO
cTporo.

9TOT myTh CTPAAAeT ABYMsI HEJOCTATKAMH:

— ero CTporme JOKasaTejbCTBa COCTOAT B CBOAGHMM 0osiee OYeBHA-
HOrO0 K MeHee OYeBHIHOMY *);

— 0CTaercs He[OKA3aHHKIM, YTO CYIIECTBYET MHOKECTBO C HYKHRIMHA
CBOMCTBAMHE (T. €. MHOKECTBO AEHCTBUTEJIBHEIX UHCEN).

B GoapmuHCTBE PYKOBOACTB [eiCTBATENBHHE YHCJa BBOJAT «Ce-
qeHnAMmy JlefleKAEfa. OTOT OyTh NPeJCTABJIAETCS HAM HO TOJABKO MEHee
HATJAXHEIM, 9T0 CaMOe Ba)KHOE (JecATHIHAs ApOoGh HATIALHEE Cede-
HHs), HO # Oomee nawHHEEM. B pykomopcrBe 3. Jlanaay, manmcanHOM
CTOJb K€ HOfPOGHO, KaK M Hame, COOTBETCTBYIOMMI MAaTepmay uaja-
raeTcs B TPH pasa [JIMHHEo,

B HexoTOpPHX pYKOBOACTBax, ciefays HadTopy, neiicTBHTONBHEE
9uCiaa BBOAAT C HOMOIBI0 (YHAAMERTAJBHAHX IIOCIER0BATEJIbHOCTEH
panuoHaAbHHX Yncex. MH ciefyeM IOYTH O 3TOMY IYTH, HO BCe 3Ke
BHTaJ{HBaeM B HATJSIAHOCTA ®, MOKeT OHTH, B KPaTKOCTH.

TakOBH OpPAYHHE, NOOYAUBIONE MEHS H3IOKATH BTO MOCTPOCHHE
JeACTBATEIPHKX 9HCEJ, ONEPAIONIeeCS HA NOSUYyUOKHYI0 CHACTEMY CUHC-
neHns, fajexyo I'pedeckoil MaTemaTnke. Jlpyras 4epTa Hamero moCTpoO-
eHHs COCTOMT B NIMPOKOM HMCIOJb30BaHAHM NPOAOKEHAA QYHKOAH, paB-
HOM@DHO HellpepHIBHOH Ha BCIOAY IJIOTHOM MHOKECTBe (HaX 3ajaHHOH
Ha BCIOAY IJIOTHOM MHOKECTBe, HO MMemed HyjeBoe KojebaHMme® BO
BCeX TOYKax). MHe KakeTcsd, YTO MH DA 3TOM BHIOJHAIH IPOrpamMMmy,
HaMeueHHyI0 JleberoM m 9acTm9HO pasBuTyi0 Bamme-Ilyccemom.

B ogHOM myHKTE y HAC BCe 3Keé OCTaxoch cOMHeHme. B yromy kKpar-
KOCTH, MO;KeT OHTH MHPMOH, MH BBOJH CYMMY YdCeJ KaK BepPXHIOI
rpaEb. J[pyroit myTh COCTOAT B PACCMOTPEHHA CYMM YKOPOYOHHHIX YH-
COll C(py = Gyy + D(ny ¥ BAMEYAHMH, UTO HDH YBOIHICHHA n 060

QUKCHPOBAHHHA paspaf i< n 9ucaa €(n) MOIKET CMEHHTHCH JHIIb
ONHAKAE. ITO [JaeT NpAMOE OmpefeeHne CYMMH a -+ b.

*) Hanpumep, pasescTso lim 2? = 4 npm z — a CBOAAT K AUCTpH-
GyTHBHOCTH OpOM3BeAeHAsT AeHCTBHTEBHEIX THCEJI.



TJIABA 3
MEPA JIEBETA

K MOMCHTY uTeHHMs 8TOM TIJ4BBl YHTATENb NOJKEH BHATH TEODUIO
TOYEYHHX MHOKECTB HA IPAMOfi: yMeTh 06pamarhCs ¢ 3aMKHYTLIMI H
OTKPHTHMHU MHO)KecTBaMu, 3HaAThH jemmy I'eitme — Bopens.

Bce mocTpoenre HpOBOAUTCA I MHOKECTB HA IPAMOI, HO aBTO-
MaTHYeCKH HEepeHOCHTCS Ha n-MepHOe MpOCTpaHCTBO. B 3Toil riase

! — Bcerga o6osHavaeT HHTEPBAJI,

F nauw & — 3aMKEYTHE MHOKeCTBa,

G nau & — OTKpHTHE MHOMOCTBA,

F, — o06bemnpenue CYETHOTO YHCJIA 33MKHYTHIX,

Gy — 1epecev.CcHHe CYETHOIO YMCNA OTKPHTHX.

§ 1. Buemnnasa mepa

Onpepenenne. Buewneid mepoii RE MEOMecTBa E
Ha3HBAeTCA HIKHAA T'PAHb CYMMH JJIHH CHCTEMH HMHTEPBAJIOB,
mokpuBapomei E.

Nnage rosopa: nycts £ = {l} — cmcrema maTepBanos l.
Torpa

pE = inf > nnumma 1, (1)

rae X Gepercs no Bcem ! & %, a inf Gepercsa mo BceMm cucTe-
mam £, noxpuBarommuMm E; caydait pE = oo He HCKIOUEH.

CpesnaeM HECKOJHKO 3aMEYaHMH.

1) p% ompemenena pusa moboro E, n6o cncrema &, cocrosiias u3
OHOTO HHTEpBaja (—oo, -}-00), MOKpWBAeT xioboe E.

2) W3 ompepeneHus HIYKHEX I'PaHU DOJIyvaeM:

(1) Oas Besko#m cumcremnt & = {l}, noxpuBaiomeit E, Gyner

Z(panea 1) > pE. )
(2) Ye > 03%, pokpuBawomas E, ajgs KoTopoi

2 pumHa | < pE +e

(< BMecTo < mocTaBieHO Ha cayuaii BE = o0).

3) B onpexmenennn WE paccMaTpnBaioTcsa He Gojiee ueM CUETHH
cucreMn & . Hecuermyio cncremy & = {l} paccMaTpuBaTh H3JIHINHC,
n6o B Hel, Ana HeKOTOpOro n = 1, 2, ..., AOJVKAO HAHTHCH GecroHeyHOe
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MHO}KeCTBO MHTepBayoB ! mauHK >1/n. U Torma 3 (muuma l) =o0, KaK
Obl Hi GHIAa OmpefeseHa X I HECYETHOIO MHOKECTBA CJIATAEMEIX.

4) BHemHAA Mepa OrpaHUYEHHOrO0 MHOKECTBA KOHEYHA — OHA HO
[IpPeBOCXORUT JJUHH JIOOOTO MHTEPBaja, HA KOTOPOM pacmojo;keHo E.

IlpuMepsn. Buemuasa Mepa mycTOro MHOKECTa paB-
Ha HYJI0; BHEIIHAA MEPa MHOKECTBA, COCTOSAINET0 M3 ONHOMI
TOYKH, PaBHA HYJIIO:

w60 mpm no6oM & > 0 Gymer: B {z} < mimeEa (xr — e, = +
+ &) = 2e.

Teopemal. MomoTtormHOCTSH. Ecau EC H,
mo RE < pH.

HoxasaTteasbcTBo. Beakaa cmcrema £, mOKpH-
Baomasa H, mokpuiBaer m E.

Teopema 2. CueTHas wnDOAyajgmuUTHB-

HOCTBH: G Ek<2 REy.
1 1

HoxasarteasncrtBo. Ilyecrs samano & > 0. Bosn-
MeM nociaenoBateabHOCTs £p >0 u Zgp < e. Hampmoe E,
MOJKHO HOKDHTH cucTeMoir Lr = {lp}, y KoTopoit

2 pnmea lp < pEr + ep.

Torma £ = |y & mokpoer | E, m, dmauwmr,

ﬁUEk<ngnna l<2 2 oruaa [ <
k=L

<D [BE; + &l = D) pEi + S e <3 pEx + .

ITponsBonbHOCTs & > 0 HOKa3HBaeT Teopemy.
CnepcrBue. Ecau PH=0, mo p(E + H) = nE.
HeiicTBUTEIBHO,

BE<p(E + H)<pE + pH = pE +0,
m aganormano E — (E\ H) + H,
PE<p(E\H)+ H)<p(E\H)<pE.

Caune OCTBHE. Brewnas Mepa CHemH020 MHOMHCECMEA
mo4ex paeHa HYawo:

n{ay, .. }<pay+ pay 4 ... =0,
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Teopema 3. pla, bl = b — a(rme a < b).

JlokasarteabcTBO: mla,bl=p(a, b)) < b —a.

IIycrs £ = {l} moxpmBaer la, bl, m s = 3 pauma l.
Io nemme T'eitne — Bopens us £ MoxHO BHGPATH KOHEYHO®
ancio waTepBanoB {l}, moxpmBaomux [a, bl. 3anymepyem
BCe KOHIE HHTepBaioB {l/} B mopsAAxe mx ciefgoBaHHA (cie-

Ba HaIpaBo):
ay < oy <o < O

Torma ay, << a<b<ap [MHaree, rammsiii maTEepBaX Ip
MOApAasfeNsieTci Ha CYMMY HEKOTOPHX HMHTEPBAJbLIMKOB
(@t-y, ;) ®, 3HaumT,

»
D\ mmma b = D) t;- (0 — diy),

k i=1

rae t; > 1 — umcno, mOKasHBamee BO CKOJNLKO HHTED-
BaJIOB l; BXOJMT MHTEPBANBYMK (0, O;). 3HAUMT,

§> ) pmEa b = D) £ (o — oing) > (0 — %ig) >
>ap—0g >b—a.

T eopewma 4 Konepysnmusie mnoxecmsa umeiom pas-
Hble GHewHue meput *).

HDoxaszareanctBo. Ilycts muomecTBo E* mo-
nyuaerca u3 E mexoropum asmxenmeM. Ecan cmcrema £= {1}
noxkpuBaer E, 1o cumcrema £* = {I*} (momyuaromasca us
& Tem ke nBmKeHmeMm) mokpuBaeT E* m I pamma ¥ = 3
pamea l. CrnepoBarenpHo, pE* < pE. A rtak xak E u E*
MOKHO 37iech oOMeHATh MecTamu, To nE* = pk.

§ 2. Usmepumoctn (ompenenenne Kapateopmopn)
Onpenenenume. E usmepumo, ecan daa ecaxozo A
pA=p(A-E)4 p(A\E); ()

caydad pA = oo m WE = oo He mcKaouens. J[aa mamepn-
MHIX MHO;KECTB BHEINHSS Mepa HashBaercAd Mepoli u 06osHA-
gaerca pE.

*) MuokecTBa A 1 B KOHTDPYSHTHH, €CHII IIX MOKHO COBMECTHTH
mepefiBUras Kak TBepJHe Teja.
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Ilna BHEKIAQIOK BMECTO PasHOCTH yHoOHee IOJIb30BATHCSA
nepeceuyenreM W NHMCATHh PAaBEHCTBO (%) B BHE

BE = i (AE) + i (4-CE).

3dameuanme 1. Maoxectsa £ u CE mamepaMEl OfHO-
BpEMeHHO.

damMeuanme 2. Hua msmepumoctm E neobxogumo
¥ JIOCTATOYHO YCJIOBHE: MiIA BeAkoro A

pA>p(4E)+ p(4-CE),
n6o Bcerna pA = u(4E + A-CE)< n(AE) + n(4-CE).

Teopema 1. Ecau pE = 0, mo E usmepuno:
W(AE) + n(A-CE)<<O + pA.

Cnemcrrue. Hamepums: nycmoe MHONKECMEO, KO-
HeuHoe, cuemHoe.

Teopema 2. Jo6assenue (ydasenue) mroncecmea mepol
HYyab He MEHAem UBMEPUMOCTU.

Hoxasarteascrteo. Iycts uH =0, a E name-
pumo. Torma

BIA(E+ H)| + R[A-C(E +H)|=p(AE) + p(A-CE)= pA,

w6o C(E + H) = CE F H.
Teopewma 3. Jwboii ompesox [a, bl uamepun.
HoxasateanrcrBo. [Jaa raxmoro 4 m e >0
Halifiercs Takoe £, yto £ noxkpuBaer A u X pamHa l << pd 4
-+ €. Brkonem B maTepBanax ! Touru a, b » pasoGreM moxy-
umBmIEecss mHTepBadnl Ha {l,}, 3akiioueHEne B (a, b), u
ocransEnie — {I,}.

RI4:(a, b)] + p[4-Cla, b]] < ) momma I, + ) pouma I, =
= ZI[JIKHa I<pd-te.
U, tax rax ¢ > 0 — mob6oe, To
p(4-[a, b]) + p(4-Cla,b]) < pA.

T B ue. Hamepumu: [a, b, [a, V), (a, b, (a, D).
Ma 4 FEcau E u H uamepums, mo usmepumo

Mo =
+
o o



HorkaszaTteascTsol

B(A-CS)=n(A-CE-CH),
1 (AS) = p(AS-E) + p(AS-CE)=p (4E) + u(A CE-H),
B(AS)+ B(4-CS) = p(AE) + p(A-CE) =

CienmoBaTenpH0, M3MEPUMO 00HEJUHEHE® KOHEIHOTO TACHA
H3MEpHMHX MHOKecTB. Vsmepmmo mx mepecedenme (ubo ero
HOOIOJNIHeHHe paBHO obmenmHenwmi0 momonHeHmit). Mamepuma
PA3HOCTh M3MEPHMEX MHOMKECTB.

Jdemma. Ecau E u H usmepumst u EH = 8, mo npu
arbom A:

BIA(E+ H)]=p[AE +H)-E)+ plA(E + H)-CE] =

= W(AE) + p(4H).

Jemma. Ecau E,, ..., E, usmepumsl u ne nasezarom, mo

pld U Ed=pMAE) +p(4 | El =...=D) n(4Ey).
1

Teopema 5. Ecau E,, E,, ... uamepumsl u He Hase2a-

oo oc
wom, mo |J Eyx uamepumo up |J Ex = T pEy.
1 1 1
HJoxasareancTBo. Ilpm awbom n mmeem

Ra=n(A() B+ F(4-C) B> 3 R4+
+B(A-CU By

iA>$i(AEk>+E(A-CiG E)>R(4- [ E)+
+B(4-CY E)>pa.

(e <) [+
3uaunr, |J E) usmepumo. Bepsa, B aactrocTH, A = |J Ej,
1 1

nMeeM

iU By =D nEy
1 1



Teopewma 6. Ecau E,, E,, ... usmepumst, mo usmepumo
ij Ey=E; + [E;\NE ]+ [Es\ (Ey + B+ ... .
HeiicTBUTeNnbHO, ClIaraeMile — W3MEPHMEE HEHAJIETalo-

mue MHOKECTBA.
Teopema 7. Ecau E,, E,, ... uamepumst, mo usme-

puMmo F]o Ey.
IHeiicrButensno, C ﬂ Ey = U CEy.

Teopema 8 Ecau S, S, = ..., ede sce S, usme-
pumsl, mo

m G S, =1lim pS§,.

HoxasateasnctBo. US, =35, + (S; \S) +
+...;So=0-
B

Su= D n(Sk\ Sky) = lim 2 B (S \ Sk) =

v—Cg
»-Mg

=limp U (Sk\Sk~) = lim pnS,,.
1

Teopema 9. Ecau R,DR,D..., 2de e6ce R, uame-
puml, u p Ry < oo, me p N R,=1limpR,.

HeiictBurensno, R= R, u R\ R= | (R, \ R,).
Orciona p (R \ R)=lim p(R,\ R, un

pR, —pR =lim(uR, — pR,) = pR, — lim pR,.

3daMeganume. Bes orpammgenua pR; < oo Teopema
CTaHOBHTCA HEBEPDHOH, KaK NoOKa3mBaeT mupummep R, =
= (n, 00), B KoTopoM WR, = oo, Ho m() R, = p6 = 0.

Wrax: msmepumn mHTEpBatdsl, otrpesxu, G, F, Gs, Fs, ...

Teopema 10. pG = X (nnuua g) no écem unmepsaram

g cmenmcrocmu G.
Jlemma. Ecau E; u E, usmepumsr, mo

BE) + pEy = p(E, + Ey) + n(E;-Ey).
JoxasaTeasbcTBO:
WE, + pnE; = pE, 4 p(E,\Ey) + p(E,E,).
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§ 3. Amnpokcmmannm mo BHemHed Mepe

Jlemma. RE = inf nG, ede inf 6epemces no ecem G = E.

JdoxasaTteuxascTso. [JuasBeakoroe > 0 maitpercs
trakag cumcreMa £ = {l}, mokpmBaomas E, mas xortopoi
¥ pmmra I < pE + e&. Cmcrema £ mokpmBaer G, = .
3naunr, u uG, < RE + &, npmuem G, = E. Iloaromy

RE <inf pG < pE + e.

N tax xax ¢ > 0 — mao6oe, To JeMMa [OKazaHA.
Teopema 1. Jusn rancdozo muoncecmea E:
(1) Ve>0IG2E, umo pE<<pnG<pE +e,
(2) 3Gs=E, umo pE = nGs.
HoxasarensncTso. O6macts G pusa ycnosua (1)
nocTaBiser mpenwpaymas Jaemma. Ilepeceuemme Gy = (G,
Tak@mx obmacTedl, MOCTPOoeHHHX 1aA &€ = 1/n, maer
RE < pGs < nG,<pE +1/n upm Beex n=1,2,...

3ameuanune. He ciemyer mymars, uro gasa mioboro E u e >0
Haiigerca G D E, paa kortoporo P (G\E) < &; wmi Kakoe-u6o m3me"
pumoe H D E, pas koroporo i (H\ E) < €. 9T0 BEpHO UMb s A3Me-
pumoro E.

Bosee TOHKOI sBiseTCS
Teopema 2. (1) Ye>03G DE/ usmepumoe H, umo,
ecau HCG\ E, mo pH < &.

(2) 3G, QEY usmepumoe H, ymo, ecau H (o Gy \\E, mo pH = 0.

YuTaTeato PEeKOMeHyeTcA [O0Ka3aTh €e CaMOCTOATEJbHO.

§ 4. VsmepumocTs (ompepenenne JleGera)

IlepBonavansHOE ompeneneHue W3MEPHMOCTH, MaHHOE
JleGerom, mpozpauHee W KajKeTCs MeHEe CTECHUTEIHHEIM, I6M
onpegexeane Hapateomopu. 3pmecs m mamee I — oTpesox Ko-
HEYHOH IJIMHH.

Onpenenenme JleGera. Ozpanuuennoe mHoO-
acecmeo E naswieaemes JI-usmepumvim, ecau naiidemes I = E,

HA KOmMopom _ _ _
Bl = BE + R\ E). (1)
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Heoepanuuennoe mroxcecmeo nasvisaemca JI-usmepumsis, eciu
npedcmasumo 00bEOUHEHUEM CHEMHO020 HUCAA 02DAHUHEHHHT
J-usmepusmniz mHoNcecms.

T eopewma. J-usmepumocmv u (npocmo) usmepumocmo
9K6UBALEHMHBL.

HorxasarteanbcrTso. Ilycts £ mamepumo m orpa-
mmgeno. Torma ycnosume (1) mmeer mMecTo mist ao6oro MHOMKe-
crBa I. Cnemosarensno, E 6Gynmer Jl-mamepumo. Ecam sxe E
He OrpaHHYEHO, TO

E =y (E-I—n, n)).
3mecs E-[—n, n]l usmepuMu m orpammuens, 3HAYHT, OHH
Jl-mamepumn u JI-msmepmmocts E moxasama.

O6parso. IIycts E Gynmer Jl-msmMepumo ¥ oOrpaHHYeHO.
Torna maiigerca I = E, Ha KoTOpoM

Bl = BE + &I \ E).

Anopoxcemupyst Eu I\ E no BHemHe#l Mepe MHOKeCTBaMH
.
Gy 1 Gs, monygaem

I=2Gy=E u pGy=pEk,
I=2G=INE u pGs=np(I\E)
Mpm arom, pasymeercs, I = G; + Gy m (cM. komer § 2)
1 (GsGs) = nGs + pGs — p(Gs + Gs) = 0.
Ho Gs\ E GsG: w, sHauwmT,
E = Gy\(Gs\E), tne p(Gs\E) = 0.

Hosromy E mamepmmo. Heorpanmuemnoe JI-musmepumoe MHO-
JKECTBO H3MEPHMO, KAaK CYeTHOe O0he[HHEeHWE W3MepPHMHX
MHOKECTB.

§ 5. Amnpokcmmanumm nmo mepe

Teopewma 1. Jaa usmepumocmu E neobzxodumo u do-
Cmamouto a1060e us ycaosuil:

(1) Ve>03IG==E, umo p(G\E)<e;
(2 3G:=E, umo m(Gy\E)=0.
62



NHNoxasarteancTro. Ecim E ynoBaersopser yc-
aosmio (1), To

Vni6, 2E, p(G.\E)<1/n

2 gua Gy = NG, 6ymer pm (Gs\ E) = 0. 3naumr, naa E
srimonueHo (2). Ho xoxs ckopo Bumoxmeno (2), To E mame-
pamo, u6o E = Gs\ (Gs \\ E), rae pn (Gs \ E) = 0.

ITycts, HaoGopor, E — mamepumo m & > 0. Paszobrem
E = (E,, ¢e=2Xe¢,, tne E, = E-(—n, n), a g, >0.
Ilo ammpokcmmanwe BHemEHefi Mepw HafipyTes G,, OAA KO-
TOPHIX

G.2E, u pG,<pE,+e< oo.

3naumr, p (G, \ E)<e,. [aa obvenmmerna G = |G,
6yner G = E,G\E < | (G, \ E,), saagnr, p(G\ E) < e.
Tem camum guaa E Bunoxseso (1), a sEaumT m (2).

Teopema 2. Jua usmepumocmu E neob6zodumo u
docmamouro aw6oe U3 ycaosuii:

(1) Ve>03FCE, umo p(E\F)<e;
(2 3IF,CE, umo @(EN\ Fs)=0.

Norasateasnctsno. IIpumenas teopemy 1 x CE
m ucnoanays ToxaecTBo A \ B = (CB) \ (CA), momywaem
Teopemy 2.

Teopema 3. Jua usmepumocmu E neobxodumo u
docmamouro awboe u3 ycaosuii:

(1) Ve>03F, G, vmo FCECG u p(G\F)<¢;
(2) HFQ, Gs, wmo chEgas u H(Gs\l"a)=0.

HoxasaTexncTBo. JlocraTouHocTs clefyer ms
Teopemn 1; Heo6xommmocTs — u3 Teopem 1 m 2.

IIprarsaxBaaane-Ilyccena. Muoxecmso E ¢ pE < oo
uaMepumo mozda u moavko mozda, kozda daa écarozo € > 0 naiidemca H,
cocmosujee U3 KOHELHO020 YUCAA UHMEPEA08, 048 KOMODPO20 O8YCMOPOHKAL
pasnocmb

E —~ H = (E\H) + H\E)
UMeem 8HEUWLHIOWN MepY Menbliyio, YeM €. JIOKA3aTeqbCTBO MPEROCTABI-

eTCs YATATeNio.

IMonyHenpepHBHOCTDh BHemMHEOHX MepH. Ecu
E,C EC..., mopul En = lim pE,. JloKkaszaTeabCTBO IpeOCTaBIs-
eTCs 4HUTATeIIo.
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§ 6. IlokpoiTne Brramm

Jlemma BuTanm [OcTaBjiseT annapat A pemeHuA TPyAHBIX 3a-
Aad MeTpMYecKOid TeopUM MHOKECTB.

1.Onpenenernme. Cmcrema S noxprisaem no Bu-
maau TOURY Z, €CHIH COCTOUT M3 IPOMEKYTKOB *), He BHIPOIK-
RalOmMUXCA B TOUYKHA N

(ViszdssS)(zres= ).

Crcrema S mokpmBaer no Butanu MaOKecTBO E, eciim HOKDPH-
BaeT mo Buramm kampgyio Touky z & E.
Yupasxkuaenue. I[Iyctb S = {s} nokpusaer E mo Buramu, a

G — o6xacts. Torpa s;1eMeHTH s, BXOgAIKe B G, HOKPHBAKT N0 BnTa-
am EG.

Jlemma Buraann. Hs cucmenwr S, noxpusaiowei
no Bumaau mrnomcecmeo E, momcno esibpamdv nenasezatowyro
nocaedosameabHocmd Sy, Sy, ..., & S, nokpvleawwylo noumu
ece E.

HorasarteasbcTtBo. (1) IIycrs cumepBa RE < oo.
BossMem G = E ¢ mepoii pG < oo, yaaamm a3 S IPOMEKYT-
KH, He Je;kamue B G, m 0G03HAYAM OCTABIIYIOCSA CHCTEMY
gepes S;.

BriGop HYKHOI IOCIEOBATEIBHOCTH HCKIIIATENHLHO
mpoct. Wz S, BuGepeM s, AImHOIO

pms; > (/) sup ps mo BceM s S

(Sup KoHeueH, He IPEBOCXORHT MG). YHaaum u3 S; IPOMEKY-
TOK $; W BCE IPOMEKYTKH, IepeceKanmuecs ¢ S; (I0CKOIBLKY
OHE HaM y)Xe He MoryT mpuroamrtscs). Cpenm ocTaBmumXCA
(S,) BuiOepeM s, [AEHOIO

pss > (Y/5) sup ms mo BceM s & S,.

Ynanum ms s, DPOMEKYTKE, HepeceKanmuecsa ¢ S, (Brawuas
caMm s,) # 1. 1. IIpomecc oGopsercsi, ecim ogepenHoe S,,, =
= 0. B aroM ciryuae (OpPMATBHO IONOKEM S,,; = Sppp =

flcro, dTO S8y, Sy, ... He HameraoT. CioKHee MOKA3aTh,,
9ro oM moutH mnokpmBaioT E. Coepsa samermMm, urto S,

*) HanmoMHHUM, 9TO IPOMEKYTOK — 3TO BHITYKJI0€ MHOKECTBO TOYEK
npamoi, T. e. [a, b], [a, b), (a, b], (a, b).
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poxpuBaer EN\ (S, + ... + §,.;) H, clemoBaresibHO,
S, mourn mokpeiraer E, = EN(S; + ... + Sn_1)e
Hanee, pan
psy + psy + ... <SPG < 0 (*
cxonutea. CiepopaTennHo,

sup ms < 2us; —0

s=8)

¥ KKIHA OPOMEKYTOK § & S, yHmaisgercs W3 TOCHeIoBa-
TeJbHOCTH
S 28=2...

Ha HeKoTopom mare k = k (s), Tak daro s € Sp\ Sk,,. 3Ha
9UT, § NEPECEKAeTCA € Sp U UMeel [UIMHY

us << sup ps, < 2psi.
8,8 ®

YBeauaum s, BOKpyr ero mentpa B O pas. [loayampmuiics
OPOMEKYTOK £y UOKPOET 3

ecni Sy S5 & Sk, TO ST L.

A nx obbeguaenue
b+t e

HOKPOPT BCEe NPOMEKYTKE $ & S, u OymeT comepMarh modTH
Bce Toukm F .
Takum obpasom, mpm a6om n

PE, < mly+ B, + ... = 5(us, + Bsnu +...).

Pap (*) cxommres. Ero ocrarox crpemmrea k 0. llostomy
p [E\(sl + 8y + ~)] < BE, -0

v JeMMma HokasaHa mis pE < oo,
(2) Heorpaumuennoe £ mosxno pasOuTh Ha CUETHOE 4HCIIO
orpasadeHHENX E
Ep=E-(p, p+ 1) gna p =0, 1, £2, ...,
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M CUeTHHI OCTATOK ILeJOYHCJEHHHX Touek. K3 cumcTeMH
S = {s} BumeauM cYeTHOE YHCJIO IOMCHCTEM S

seS,, vorna s=S u s (p, p+1).

S, obpasyer mokpurme Bmramm mas E,. Ilpumenss x E,
7 S, yiKe /OKasaHHYI0 9acTh JEMMH, BHelfAeM HeHaJerao-
Y10 [OCNE[0BATEIBHOCTD Spy, Spg, +.., HOKPHBAIOMYIO IIOYTH
Bce E . Ho npoMeyTKH Spr He IePECeKaloTcsA W IPH pasiud-
apix p. Ilosromy cuerHas cucrema {Spr} HOKpHIBaeT MmOYTH
Bce E. Jlemma Buraam moxasana.

3dameuanme. Ecam B ycaoBuax Jemmu Buramm
pE < oo, T0o masa rammoro € > 0 m3 S momHO BHGpaTh: He-
HAJIETamyio IOCIEL0BAaTeAbHOCTs {Sz}, AIA KOTOPOi

[~

BENUs)=0, RE<ips<PE +e,

A (1)
B(EN L1J sg) — 0;

H KOHEYHOE YHCJIO HEHAJIETAIMHAX Sy, ..., S, AJIA KOTOPHIX
n
BENYs)<enBE—e Ausi <RE +e ()
1

Has porasatenbcTBa BosbMeM G 2 E ¢ pG < RE + e,
yoaauM wm3 S TPOMEKYTKH, He coiepamuecas B G
U BHIIENMM M3 OCTABIDHXCHA MOCJE[0BATeIbHOCTh HEHAJeraw-
mux {sp}, DoKpuBaomyo mouTd Bce E. Torma Bumonmsarcs
ycaoBusa (1). Ot6pocuB s,,;, Sp.g ... ¢ cymmor miama <g,
MHl YHOBJIETBOPHM yCIOBHAM (2).

2. B npmnomenusax OnBaerT mojesHa M HIDKeCAeIyIOMAs
JemMMma, Onmskag K JgemMe Buramam.

Jemma. Ilycmv S = {s} — cucmema npomewcymros,
He ewpoxcOarowuxca ¢ mouku, E = {J s u uE < oo. Tozda
uz S MoucHO GHOPAMb KOHEYHOE HUCAO HEHANC2QIOWUTL Syy...
ceey Sp, Oad Komopux

usy + ...+ ms, > pE/10. (%)

JJokazaTeabCTBOB OCHOBHOM MNOBTOPAET 9acCThb
(1) morasarenbctBa JemMul Buramm. Us S Bmbupaerca mo-
Cle[l0BaTEeIbHOCTh HEHAJNETAIOMUX {Sx} M CTPOATCH tp ~ OSk.
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Rapauit npoMeskyToK s & S NOKPHBAaeTCH HEKOTOPHM fp.
CaeoBaTesbHO,

L]J 2 E, 52!“1: =2|p'tk > uE,
1 1
¥ OpH [0CTATOYHO OONBIIOM £ BHIOJHAETCA (*).

§ 7. Ilnornocts

1. Onpepnenenmne. Cpedneii gnewneil niomHoCmMbIO
mHOKecTBa £ Ha mHTepBaje ! Ha3HBaeTcs

d(l, E)= i (IE)/l.

Ecnm E mamepumo, To d (I, E) HasuBaioT cpedueii niomuo-
cmoio E Ba 1.

Onpenemenme. [lycrs 3amano £ m mpomsBoabHaf
Touka z. Ecam cymectByer mpemei

limd(, E) =d(z, E)

Opd OPOW3BOJBHOM YMEHbIIEHMH WHTepBamta [ Sz, TO
d (z, E) nasniBaeTcs gnewred naomuocmbio (118 H3MEPAMEIX —
naomuocmbew) E B Touke z.

Tounee: d (x, E) nasvisaemca snewmneii naommocmeio E
6 mouke x, ecau

Ve >036 > 0V
(W <8 u 1D 2)= (| EIE)M —d(z, B)| <e).

3 apgaua. KakoBa mnoTHOCTD m‘geana B ero KoHme?
3 apgaua. [Jaa opouspoabraoro 0  d < 1 mocrpouts E, nmero-
mee B z = 0 minoTHOCTH d.

Onpenmenenume. Touka 2z Hadvieaemcs mMOUKOLL
gHewhel naomrnocmu (npocmo naomrnocmu) mHomcecmsa E.
ecau d(z, E) = 1, u mouxoii snewnezo paspemcenus (npocmo
paspexcerus), koeda d (z, E) = 0.

Eciu E waMepuMo m B TOYKe x UMEETCS MJIOTHOCTH
d (z, E), ro cymectsyer u d (x, CE) = 1 — d (z, E). 3na-
YUT, TOYKA IVIOTHOCTH H3MEPHMOr0 MHOKECTBA €CTh TOYKA
paspe;keHus €ro OMOJHEHHA.

Teopewma 1. Ilyemv E usmepumo. Tozda noumu raxc-
dan moura x = E seasemes moukoii naomrnocmu E u moukoil
paspeawcenus CE.

3+ 67



9ra Teopema Gyner BuTerars u3 cienyiomeit Gonee o6meit’

T eopema 2. Ochognas meopesa 0 moukax naomHocmu.
Has a06020 E noumu 6ce eeco mouku 640MCL MOUKAMY GHEUL-
Heli nwomruocmu E.

HDoxasarensbcTso. [Iycts H — MHOMECTBO TOUEK
E, ne aArasgomuxcd TOYKaMa ero BHemHe#d NJIOTHOCTH; HyCTh
H, — rouxu E, premHeit «He nnotHoctum E He memee 1/m».

Tounee: = H,, ecin = E u V6 >03l, gna koropo-
rozel, wll<énm
BUE)n <1 —1/n;

Tak aro H = U H,, u eciz pH > 0, 10 xora 6u ofmO cixa-
raeMoe HMeeT IOJO)KUTEIBHYI0 BHENIHIO MEpy: HyCTh DTO
6ymer mwH, > 0. BuGepem matepBan (—m, -+m), Ha KOTO-
pom p[H,-(—m, m)] >0, m oGosmaaum

T.=H,N(—m,m), A=pT, 0LALoe.
Haxonen moxpoem T', obaacteio G = T, ¢ mepoit
BG < A(1 4 1/n).
HOasa wampgoro <= T, m 8 > 0 maiigerca watepsan I
zelC G, wl<d, plT,)<(d —1/n)pl.

Cmcrema £ = {l} Bcex aTmx mHTepBa®oB HOKpHBaer I,
mo Butanm, u 3 Hee MOKHO BHIENUTH HOCHENOBATEILHOCTH
HEHAJeralomux WHTepBaxoB Iy, l,, ..., HOKPHBAIYI0 HOYTH
Bcé T,. Torma

M=RE(T. J) < D EGT) < — 1n) D) ply,
1

k=1

A<(1— 1n) pG < (1 — 1/n?)A.

Cnemosarensro, A = 0, Bomperm BuiGopy T,. Teopema
[OKasaHa.

3dameuanune. [Ipn onpesesennn BHemHeH (AAA DPOCTO) MIOT-
HOCTH E B TOUKE r MOKHO DACCMAaTPHBATH HE TOJIHKO HHTODBAJIH, CO-
meprxamue r, HO ¥ OTPe3KH. OTO He MOBJIMSAET HA CYMECTROBAHNE KA
8HAYEHHE IJIOTHOCTH. JlecTBHTENBHO, WYCTh OTPe30K h D z, a YHCHO
e > 0. CopuHYB h B CTOPOHY £ MCHEE@ YeM Ha &, MEl aoay4uM MHTEpPBaJ
1D z 8 upn aTtom

B (hE) S p (E) e
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Orcroga

B (REYS,SP | (B),

rae sup 7 inf GepyTrcs mo Bcem maETepBasaM I, [ z, pl = ph. [loaTomy
Lim & (hE)/ph = im p (B)/pl
mo BceM hD zu | D s opu ph— 0 1 pl — 0.

2. IlpencraBaserca yRoOHHM 00OOCIIETH HOHATHE TOYEK
IVIOTHOCTH W Paspe;KeHHss MHO)KecTBa E Tar, 9T00H He mpef-
poaarath maMmepumoctH E. Vmenno:

T Hasvlieaemes moukol paspexcenus E, ecau

B (E) / nl -0, xoeda pl -0 no 1 = =;

T Hasvieaemca moukoid naomruocmu E, ecau seasemes mou-
roli paspexcenus dan CE.

[ W3MepHMHEX MHOKECTB OTH OIPENEIEHUS COBIAKAT
¢ UpeIbynuMHA.

Teopewma. Ecau noumu kamdas moura z & E se6-
asemes moukoik naomuocmu E, mo E usmepuno.

HoxasaTteanbcTBo. Bes orpanuuenms obmuoOCTH
JoKasaTeabcTBa OyfeM CUMTATH KGKAYIO TOUKY = & E Toukoii
mwiotHOCTH E, a camo E pacmono)KeHHEIM Ha KOHEYHOM WH-
gepsane I.

3amanum ¢ > 0 m oTHeceM Kaxmo# Touke x = E mocie-
JAOBATEABHOCTH [, ¢ ycaoBusmu (n = 1, 2, ...):

e ln(.-_——_l’ !"'ln < i, p [ln'(l\E)] <£l"’ln'

Ilo nemme Buranm, m3 cucremn {l,}, B3sTOli AJA BCex n
n z & E, BrbepeM cYeTHOe YUCJIO HEHAJNETAlOMUX g, HOKPH-
paromux nmourx Bcé E. Torma, momaras G = |Jgr, moayaum

BE + p(INE)pG 4 p(\G) + epG.

", tak xak & >0 — awGoe, T0 RE + p (I \ E)=pl, n
E wu3smepumo mo JleGery.

Yunpasxuaernusn. Ilycrs P (E) — MHOMECTBO TOYEK ILJIOTHO-
ctnn MaokecTBa E. Torpa npu moGom E mMHOkecTBo &P (E) mamepumo n
P (P (E)) = &P (E). Jorasars.
B MeTpm9ecKoil TeOpUIl MHOKECTB [(Ba MHO;kecTBa (E m H) cumTanT-
CA DKBUBAJICHTHRIMH, €CJIM OTJMYAIOTCA HA MHOKOCTBO MepPH HyIb:

VIENH+HNE)| =0
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Toukn BHEmMHe# MIOTHOCTA SKBABAJICHTHHIX MHOMKECTB, OYOBHHO, COB-
majgaoT (PaBHO KAK N HX TOYKH IJIOTHOCTH).

B cBasm ¢ 3TMM BO3HHKAeT

3 apaua. Cpenu Bcero knacca @ = {E} usMepUMHX u HOTAapPHO
9KBUBAJEHTHHX MHOKeCTB E ykasaTh op(eKTHBHO Kakoe-HHOyIb MHO
wecTso E,.

Pemen ue. B ravecTse E, MOHO B3ATh T0 E & &, KoTOpOE
COJIep;KUT BCe CBOM TOYKH INIOTHOCTH M COCTOUT TOJBKO M3 COOCTBEHHEIM
Touex myjorHoCTH. Takoe E, feficTBuTenbHO Haimerca. JlocTraTogHo pac-
cMOTpeTh a1060e £ & & u B3ATH €ro TOUYKH MIOTHOCTH.

3ameuanume. Ilpn nepenecenum pesyinTaToB 3TOit
rIaBH Ha n-MEpPHOe IIPOCTPAHCTBO HHTePBANH [ caemyer
3aMEHHUTh BHYTPEHHAMH TOYKAMHA 7-MEPHHX MOapajliellens-
mef0B ¢ TPaHAMH, HAPAJIENBHBIME KOOPAMHATHHM IUIOCKO-
cram, JlouHB WHTEpBANOB cieqyeT 3aMEHHTh 0GBEMaMy ma
pannenenunenoB. Hakonen, BHemHO0 miaorHocTs £ B Toukc
Z CIeyeT OIPEeeNuTh KaK mpeneln

limp(E)ul upzm d()—0 no I «z.

3necs d (I) — nmamerp ! — BepXHAA TrpaHb pPacCTOARY ..
MEKIY HapaMu TO9eK z,, X, & I

Crnenyer ormermTh, 49TO IpH n > 1 paBeHCTBO Mep Ko
TPYSHTHHIX MHOECTB [[OKA3HBaeTCA TPyAHee, 9eM Mpu
n=1.



TIIABA 4
N3MEPUMBIE ®YHRIINNA

B sroit rmaBe ¢yHKIUM MOTYT HPUHUMATh KpOMe KOHEYHHIX 3HAUe-
Huil eme # 66CKOHEYHEE C ONPENeJeHHHM SHAKOM (T. €. --00 Il —oo).
Apudmerndeckue eHCTBUsA ¢ KOHEYHRMY 1 6ECKOHOYHHIMH OMEPAHIAMH
OIpefIeNAIOTCSI €CTECTBEHHBIM 00pa3oM (KOT/a 3TO SICHO) M He OIpefeie-
HH B OCTaJIbHHIX CJIydJasX. YMHOKEHHe HA HYJb BCerja AaeT Hyjb, a
JleJileHne HAa HyjJb — Bcerfa He ompepesneHo. Tak, HampumMep (¢ — KO-
HEYHOe YHCIIO0):

¢4 00 =00, 00f 00=o00, ¢f(4=0)=0murt. pa.
Ho He ompepieneHH pesynbTaTH AeficTBumil:

(40) /(d=0), ©0 — oo mT. A

§ 1. Onpenesnenne m OC.I0BHBIE CBOWCTBA H3MEPHMBIX
bysRImIii

Onpemenenue. @Dyurnua f(r) HABHIBAETCA uUsMe-
pumoii na mHoxcecmee E, KOTIa OHA ompefiesieHa mo4TH BO BCeX
Toukax £ m ee 1eGeroBCcKHe MHOMecTBa *)

{a</(@) <b}-E, {a<l/f(2)<0b}-E, 1)
{a</(@ <B}E {a<lf(2)<b}E

u3MepuMe Opu N00KX a @ b (B TOM 4ucie paBHEIX —+00).
DyuKmoo, n3MepuUMyI0 Ha BCEM MHOKeCTBe, Ijie OHa Ompe-
mejieHa, HA3bIBAIOT (DPOCTO) usMePUMOL.
CmenraeM HECKOJIBKO JIETKO IPOBePAEMBIX 3aMedaHMi:
1) B ¢gopmynax (1) mosno omycturh nepecedenme ¢ E,
ecnu cumtaTh | (r) He ompenenennoir BHe E. O6biaHO Tak I
NOCTyHAIOT, KOTfa 9TO HE BelleT K HENOPa3yMeHHAM.

*) {a < f (x) < b} 00603HAUAET MHOKECTBO TOYEK r, yMOBJIETBOPH-
I0IUX YKa3aHHOMY HepaBeHCTBY. Horza aTa sanuch He JOCTATOYHO fACHA,
onmyT moxpo6uee. Hampumep, {z: g (y) < f (z)} ob6osHagaeT MHOxe-
CTBO TOYeK z (a He y), yAOBJETBOPAIOIMX HEPABEHCTBY (IPH NAHHOM ).
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2) Ecan f (x) mamepuma ua E, to E msmepumo. [eitctBm-
TeJBbHO, MHO}KECTBO E pacnamaerca ma cymmy E = E, + E,
tex Touek E, B KoTopnix f (x) ompenenena (E,), u touex E,
B KoTopuiXx [ (x) He ompenenena (E,). Mepa pE, = 0, a E;
H3MEPHEMO [0 YCIOBAIO:

E)={—o00o<J(x)< 4 o0}-E.

3) Besaras ¢pyHKIuA naMepuMa Ha MHOKECTBE MEDH HYJb.
4) Ecau f (z) usmepuma Ha E, To m3MepHMH MHOKeCTBa

{{(®)>a} E = {a [ () < }E,
{f@)>a B, {{(x)=alE, {|f(z)|<oo}E.

5) Ecuan / (z) mamepuma Ha £, To ona msmMepuma Ha m106Gom
nsmepumoM H C E, ubo (manpumep)

a<f(x)<b}H = (a<[(@)< B E-H.

6) Ecim f (x) mamepuma mwa wamaom E,, E,, ..., To oHa
uzMepmMa Ha ux obbefuHeHUd, nepecedennd, pasnoctu E, \ E,
a 1. . Haopumep,

la<f(@)<b}-UE, = U ({a <[(z) <b} E).

7) Koncranmra (f () = ¢) msmepmma mHa Ja1060M H3MepH-
Mom E.

8) 1 (z), mamepumyio ma E, moHOo mpomomxuth ¢ E 1o
Gynxuunm, nsmepuMoit Ha Bceit mnpamoit I = (—oo, o), Ha-
npumep, noxaras f (z) = 1 Bue E. WHoraa stor npuem ymupo-
[aeT BHIKJAIKM.

9) Wsmenenme snaueHmit f (z) Ha MHOMKeCTBe MepH HYJIb
He MeHseT ee M3MEePHMOCTH Ha Ji00oM MHOecTBe E.

Baaronaps nmynkram 5) w 9) ¢ymrmuio f (z), samamaymo
no4tu Ha Beem E, moxno moonpenennts na Bcem E m cuenath
He onpenensennoll BHe E, He mensasa ee msmepmmoctd Ha E.

1. Ilposepra wm3amepmmoctm mmokects (1) ympomaercs
Onaromaps  BIDKECHENYIOIAM  TNpU3HAKaM  HM3MePEMOCTH
¢yHKINH.

1.1. Ecan f (x) ompepmenena moutu Ha Bcem E m MHOMKe-
cTBa

V@ >4E, ({(x)>adE, {f@)<WLE, (f(2)<bE (2)

H3MEPHUMH OPH BCeX KoHewhbx a B b, To / (z) uaMepuma Ha K,
»



IeiicTBuTensno, muoecTBa (2) maMepuMw W Op® a, b,
PaBHHX oo, Gmaromapx npenctaBnenusaM (|J m [} Gepyres
mo n=1, 2, ...)t

{f(2)>— o} E={/()>—n}E,

(@)= — =} E=N{f(2)< —n}E,

{{@)>— oo} E={f(2)> — o} £ + {f(z) = — oo} E,
{f(z) —o}E=0 19w 1 &

Teneps muokecTBa (1) HAMEPUMH KaK MEPECEYEHUT MHOKECTB
(2) npu n106Kx @ w b (B TOM Yucne PaBHKIX == 00).

1.2. Ecan f (x) komeuna uouty B Kaykgoir Touxe E mim
ompesesieHa mOYTH HA Bcem usmepumom E, To puas ee wmame-
prmocTd Ha E focTatodHo, 9To0bl ObIAM H3MEPHAME MHOMKECTBA
00HOd W3 YeTHIpexX Tpymm

{{@)>a B, {{(z) >a} E, {f{(x)<DIE, {f(z)<bE.

HDorasateansnctso. [lyers f(x) woHeuma uodTm
Ha BceM E wm muo)kecTBa ofHON ms rpynn (2), Hampumep uep-
Bo#t, WaMepmmmul. Torma ob6nenuHeHHe

U{f (@) > —1/n} uwo Bcem n =1, 2, ...

maer modtm Bce E, u E wusmepmmo.

Hoonpenenum f(x) Ha Bcem E u Oymem cunmrtaTh ee He
ompeneneHnoii Bue E. [loxaykem, 4To eciaum wmaMepuMbl M HO-
’KeCTBa OMHOM rpynmsl (2), To M3MEPHME MHOMKECTBA OCTA Jb-
HuX rpynn. [leActBuTenbHo, MHO:kecTBa 1-t uw 2-i Tpymm
(a Tamsxe 3-if w 4-if) masmMepuMHl OHOBpEeMeHHO, uGO

{{(z) >a} = {/(zx) >a —1/n}.
{f(x) >a}=U{{@@)>a+1n} r T o

Ho u muoxectBa 1-it m 3-i rpyunn (a tarkke 2-it u 4-i1) usme
PHMbLI OHOBPEMEHHO, 00

{f (@) <c} = EN{f (x) >c},
{f(x)>c}=EN{f(z)<c}.

Teneps 6Gnaromaps 1.1 yrBepxkpmenume moxasamo. Owno
CTAaHOBUTCA HEBEPHHIM, €CJIH OTGPOCHTH WHPENIOJI0KeHUs O
KoHeuHOCTH [ (z) W m3Mepumoctn E (nmpuBenmre mpumepni).

2. Hama 6amxaitmas meab — yGedThC B O0IUPHOCTH
Kkjacca maMepHMHX ¢yHrnmi. las stere Mm ycTamosuMm
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HM3MEPAMOCTH HEKOTOPHX GYHKIUA | HOKAKeM, 9T0 IPHBHIIHEE
HeHCTBHA HAJ W3MEPUMHIMA (YHKIASMEA He BHIBOJAT U3 KJIacca
H3MEPHMHX (yHKIU.

21. HeupepuBruasa ¢Qyaxkoua usMmepuma. Touree:
eciand f (r) 3amama W HempepHBHA Ha uaMepuMoM E, To oHa
usmepuMa Ha E.

HeificTBuTensH0, 3aQEKCHPyeM GHCIO ¢ U MHOKECTBO
E,= {f () >c}-E. Haxnyo Touky 2z, <= E, mokpoem
Taxkum maTepBasioMm I, 910

f(x) > c opu Beex z = I,-E.

O6benuuenne G, = [ JI, Bcex mHTepBamoB I, ecTh 06IacThb.
3naunr, E, = GE u usmepumo.

Orcroma BHTeKaeT ©3MepaMoCTh QyHKUUA [ (1), HeIPEPHB-
HOU IOYTH BO BeeX TOYKax maMepumoro E (Hampmmep, MOHO-
ToHHOi). [lia mpoBepkEm HocTaTouHO paccMorpers f (x) ma
mHOKecTBe E, Touer E, rme f(x) HempeprBHA.

3dameuannme. @DakTudecKH MH [OKA3AJIA W3IMEPU-
MOCTh (YHKIMM, NOAYHEIPEPHBHON cBepXy (f(x) HasmBaeTcs
DONYHENPePHBHOH CBePXy B TOUKe Z,, ecanm lim f(z) > f(z,)).

X=X
AHajnorm4Eo  OmpefeaseTcs MOJNYHENPEPHBHOCTH CHHU3Y.
OupeneneRnsa MOAYHEIPEPHBHOCTA €CTECTBEHHO PacIpoCTpa-
HAKTCA Ha (YHKIWHW, 3aJaHHEIE HA MHOKECTBE.

22. XapaxkTepucruaecKkasna OQyHruua fg ()
MHO}KecTBa H:

fo (x) = 0 (=1) upm z & H (upm z = H),

H3MepHEMa BMeCTe ¢ MHOKecTBOM H.
IleiicTBUTENBHO,
{f () > a} = (—o0, o),=H,=6

coorserctBenno, mpn a << 0, 0 <<a <1, 1 < a.

2.3. Ecau E,, E,, ... u3MepuMH U He HaJeraiT, TO H3Me-
puMa cTymeHYaTasa QyHKOUA

[l

f(x) =c, mpu x & U E,.

HeficTBuTeNBHO,
{f(x) >a} = UE, motem n=0,1, ..., 1151 KOTOPHIX ¢, >a

B uactmoctH, eciu och Ox pasbura TouKamm

o < Ty < Bipgr < vee < & < Zgyy < oy
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TO W3MEpUMa
f(x) = ¢, upu 2, < 2 < Tnyy-
2.4. Ilycre ma E mamepums f, (z), f (), ... Torna ma E
H3MEepUMH (QyHKIUH:

u(2) = max (fy (), /o (2)), 2 () = min (f, (z), fa (@),
f1() mpm 1, (2) >0,
”‘(”’={0 mpn f,(2) <0,
0 opm f,(z) >0,
n@) = {n(x) mpn 7, (z) <0,
pe) = supfa(z), g(z)= intf, ()
T t, (z), limfa(2).

N ecanm f, (x) cxonures moutm Bciogy Ha mamepumoM E, To
m3MepuMa upenenbHas ¢yHrnmd lim f, (z).

HeficTBUTENIBHO, TEpeYNCACHHEE (QYHKIMH 3aBEIOMO
ompeiesieHEl TaM, TAe OmpejLeseHH Bce f, (z), clemnoBaTeabHO,
OHH ompeJeJieHH mo4TH Ha BceM E.

Hasnce. ITpu nobom wonmeunom ¢ Gymer

{max (/,(z),fz (x)) > c} E = ({f, (z) > c} E) U({/2(2) > c} E),
{min (f, (z), f,2)) > c} E = ({1, (z) > ¢} E)N ({f2(z) > c} E).
CrepoBaTensHo, u 1 v waMepumsl Ha K. Teneps uamepumu
Pa (2) = max (f, (z), f, () mpm f, (z) = a,
s () = min (f, (z), f, (x)) opm £, (2) = a.

Vsmepumbl 7eGeroBcKEe MHOMKECTBa W IOCTABIAKMMEE HX
$yBERUEA:
{l1@ | <cE={-c< 1 (0) < ¢} B,

P@>AE= [ (h(@> 0 B,
@@ <AE= U (i< E.

Bepxumii u Hmmuumit npegens msMmepumb Ha E, m6o, mo
onpepeJeHnio,

lim f, (z) = inf Sup fr (2),

n—x n k>n
lim f, (x) = sup inf fg (x).
n—oo n k>n
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Haxkomen, ecam f, (z) - f(x) mowrm Bcioxy ma E, To
mourn Ha BceM E ¢yHrmusa f (z) comamaer ¢ lim f, (z) m,
SHAYUT, H3MEPUMA.

2.5. Ecun f (z) 7 g (x) n8sMEePEMH B KOHEYHH HOYTH BCIOLY
Ha E, o HEa E W3MepuMH

hy (z) =1 (z) =g (2), hy (2) = [ (2)-g (2), hg (2) = [ (2)/g(2);

pocJegHsas — B Opeanoiokendn, 4910 g (r) =0 mourm =Ha
Bcem E.

HJoxasarteanctBo. DBymem, kak o6wuHO, cum-
TaTh Bee QYHKIMH He onpeleieHAnMu BHe E m otmMernM, dro
h, ix), hy (z), hy (x) oupeneseHN W KOHEYHH MOYTH HA BCOM

mamepumom E.
1) Usmepumu £ (z) m 1/g (z) upu g (x) == 0 mouT: Bciomy
Ha E. JlefictBuTensHO, mpun JM000M ¢ A3SMEPHEMH MHOKECTBA:

{FPay<et={—Ve<f@ <Ve} upn ¢>0 u oycro npa
c<0,
_ J{g (@) <0} + {g(x) > 1/c} mpm ¢ >0,
te(e) <= { e <g(@)<0) mpu ¢ <0,
2) Oyuknun k =4 / () usMepuMu Opu Mi060f KOHCTaHTe
k, mbo u3MEpWME MHOKECTBA
{k+f(@)<c={f(x)<c—k},
{k—f@)<cy={f(2) >k —c}.

3) Usmepumo mmosxectBo {f (z) < g (z)}, mbo
(@<e@h= U (@< re<s@h ()

rie | GepeTcs mo (CYeTHOMY) MHOKECTBY BCeX paUOHANB-

HEIX TI'p.
4) Usmepumu f (x) &= g (x), ubo wusMepuMsl QyHKOAH
¢ + g () m MHOMecTBa

{f(@) g (x)<e} = {f(x) <(cF g ()}

5 f(x)-g () m f(x)/g(x) msMepumm (mociemusas Kis
g (z) = 0 moutn ma BceM E) Gnaromapsa ToKiecTBaM
f-g =1+ 8" — (— g4
1lg = t-(1/g).



3. Teope ma (J. EropoBa). Ecau nocaedosamesvrocmsd
usmepumwixr wa E @ynryuil f, (x) cxodumea x xoneunomy npe-
deay nowmu 60 écex Mo4kax En pE < oo, mo dan Kancdozo
e > 0 naiidemcsa cosepwennoe P & E, na romopom cxodu-
mocmb pasnomepna u W (BN P) < e.

JNokaszarteasctTBo. Bosmmem § & E, Ha KOTO-
poM Bce f, () ompeneleHH B CXOIATCA K KOHEYHOMY Hpefnelry
fn () = f (z). Ipumem, arto f(z) m Bce f, (z) ompene/eHH
roapko Ha &. Ilo ycaoBuio

[fo (@) — f(@) | >0y 7. 0. Tim | £, (2) — f(2) | = 0 5a &.
Beenem g, (z) = sup|fy (z) — f(z)| mo Bcem k>n. Torna
g1 (@) >g.(z)> ... =0 mua ramuoro z E &.

f(r) m3aMepEMa H KOHEYHA, MOITOMY H3MEPHMH fk(x) — f ()
a g, (z). Jlas nsmepumeix MHoxecTB Hy,, = {g, (z) > 1/m}
6yner (m = 1, 2,...)

HmlgHngoo.;ﬂHml<00
u
ﬁ Hpp = 6,
n=1
rak ato uH,,, — 0. Pazobrem €/2 = ¢, + &, + ... (g, > 0)

W IIIA KaKA0r0 m BeibepeM Takoe n=n(m), 970 WHm, n amy<em.
Torma H = |} Hm, nmy, WH < /2. Ha &, = &\ H ¢ mepoit
pé&, > n& — /2 6yner g,m (z) < 1/m Takmm obpasom, aias
KaKIoro HATYpPaJbHOTO m HANIJIOCH Takoe n (m), 4TO

| fx () — f(z)| << 1/m upm Beex k>n(m) a z<&,.
Buaunt, ma &, cxogmmocTh paBHomepHa, OcTaercs B3ATH
PC &, CE ¢ vepoit pP > pé, —e/2>pk —e.

3damevanme. Ycnosue pE < oo Hennsa orbpocurs,
KaK OOKAashBaeT mpuMep:

fo (x) = sign (n — ) > 1 Ha E = (—o0, o),

4. c-coiicreo (H. Jlysuna). Hamepumywo u koneumnywo
Pyrnryui moxcno cesamv Henpeprignoil (Ha Bcell mpAMOL),
UBMEHUG €€ BHUMEHUA HA MHONCECEE CKOMb Y200HO MALOE MEDbL
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1 TOONpefesdB B TOYKAX, Ie oHA He Onma 3amama. [Ipm sToM
VO}KHO cOXPaHuTh sup u inf ee smawenmit. Tounee:

Teopema. Jus/ (x), usmepumoii u koneunod noimu Ha
scem E, u &€ >0 naiidemea cosepwennoe P Z E ¢ mepoit
n (EN\P) < e, na komoposm f (x) nenpepviena (Kak QyHKIHA,
ompefienenHas Ha P

3dumeuanue. [lycrs f(z) HempepuBHa Ha [. BBemem g (z)
caeftylomum o6pasom. [TonoskuM g (z) = f (z) opn z € F. B kammom
nETepBane (a, b) cMeKHOCTH F ompenenuM g (z) IuHEHHO (i HEIPEPHBHO
ga [a, b]); B GeckOHeuHOM HHTEpBaje (—o00, a) WIH (a, 00) CMEKHOCTH
F nonoxnm g (z) = f (a). Herpynao uposepurh, 4To g (z) GymeT He-
OpepHBHA HA BCeH NpAMOf I = (—o0, o0) 1

su = Su {
inlr) g (@)= intp /@)
xe=l x=r

Baaropapsa sTOMY 3aMedaHnio A3 cOpMynnpOBAaHHOH IeOpeMH BHTEKa-
eT IEPBOHAYAJbHAA GOPMYIHPOBKA C-CBOMCTBA.

arh g
/ \
/\
\
/ \ — N
N
N__
"/V[
Puc. 4.1.

HowaszarensctBno. 1). IIycts cuepsa f (x) ompe-
JlelleHa, KOHeYHA W W3MepMMa HA orpanuuieHHoM E, a ¢ m
v — moao:kutenbusie uuciaa. Ilockoabky

@<t {i@|<2=... 7 U{{f(=)|<N}=E,
o lim p {|f(z) | <N} = pE < oo u mua mexoroporo N
wilf(@)| >N} > pE — e/2.

Orpesox [—N, +N] pasofrem Ha m paBHBIX OPOMENKYTKOB
TOYKaMU

—N=yo 1< ... <Ym=N, yx — g1 v
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= pacemorpuM (pac. 4.1)

Ey = {ypr <[ (x) <y}
MnuosxectBa E, He Hajerawr u

Ei+ ...+ E,={f(x)| <N}
B ramxnoe £ BummeM §, ¢ Mepoit

nF > nky — e/(4m),
Gmaromapsa gemy

p 0 Fi>pE—e.

OYHKIAL fe,(z) ompemenmm Ha F., = |J§ » paBeHcTBOM
feo (%) = yx 1pu = §F .

O6aacTp ompenenends fe, (z), T. e. Fe, pacmamgaercsa Ha KO-
HEYHOE 9HCJO0 3aMKHYTHX &k, Ha KaKIOM M3 KOTOPHX
fev (x) EenpepniBHA (mocTosiEHa). ClleSoBAaTENBHO, fev He-
mpepnBHA Ha F., u

|feo(z) — f(2)| <V nna Bcex z & F,.

2) BospMeM CyMMy NOJOKHTENBHHIX &, + & + ... < €
7 IOCJef0BaTeJbHOCTh HOMOKATENBHEX v, — 0. Il rammoi
napw (g, v) = (&,, v,) oIpefeauM, U3 OPEAHAYIIEro IYHKTA
F,=Fyuf, (x) = fo (z). Torna ma F = N F, sce f, (z)
ompefieJieHH, HEOPEDPHBHH W pPaBHOMEDHO CXORATCA K f(x),
u6o
| fo @) — f(x) | <V, nas Bcex x = F = F,,.

f (z) B2 F HempepsIBHA KaK mpemes paBHOMEDPHO CXoAAmeics
IOCJTe/IORATeLHOCTH HempephBHHX (QyHKmuiA. MHOoKeCTBO
FCE u p(ENF)=p U (E\F,) <& + 8+ ..<e
TeM caMbIM TeopeMa yCTaHOBJEHA /A OorpaHmYeHHOrO K.

3) Ilepeiinem & o0memy caydao ¢ HeOTpAaHHYeHHHM K.
Bsenem orpannuensne Henaderaiomume K :

E2n = E' (n, n —l" 1), EZ‘YHI = E' (—IL - 1, —n),
n=u,1, ...,

B DOOJOKHUTENbHHE & + & + ... < e. Ha raxgom £FE,
¢ DOMONIbI0 MpefbAymero nyukra Boibepem F, — E, ¢
w(E,\F,) < e,, 1ak urobu f (x) Ha F, Obnuia HempepsBHA.
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Pacemorpmm F = |J F,, m CXOHANYIOCA [OCHENOBATENb-
n=1

HOCTb Zy, &y, .-- Touek m» F. Ilocnenosaressnocts {z,} orpa-
HAYEHS |, CJEeOBATEeNBHO, CONEPIKHUT TOUYKM JINIOIL KOHEYHOIrO
umcna MHEOMkecTB. F,. Ho {z,} une mosxer comepicars Gecko-
HEYHO MHOrO TOYeK ABYX MHOmecTB F, — mHade mpefenbHas
TO9Ka (r, — ) UpWHa#Jexala On 06omM MHOMeCTBaM, H
OHHM mepeceramch 6. 3HAUAT, BCe TOYKM z,, HAYMHASA C HEKO-
Topoit (i > j), mpunHamae;kaT ofHoMy MHOKectBY F,. Ho
Torga z & F, © F u, smaaur, F samrmyrto. Kpome Toro,
lim f (z,) = f (),

6o z, = F, nmpu i >j n z & F,, a f(z) menpeprBHa Ha
F,. Iloatomy f (z) menpepuiBra ua F ¢ mepoit u (E\F) <
<e,+ & + ... < e.

Teopema noxaszana.

§ 2. ADnpoxenMaTHBHAA 1eNPEPbIBHOCTD

Onpepenennme. Umeano A masuBaercs annpokcu-
mamugHsim npedesom f (x) npu x — a:
: a
aii‘j‘/(”) = A, (@) = 4,
€CJIH CymecTByeT MHOKecTBo £, Ha KoTopoM f () ompereiieHa,
OJIs KOTOPOr'0 a4 SBJISAETCH TOYKOW MNOTHOCTH H

lim f(x) = A npu z —a o 2z = E.

Ecanm amnpoxcuMmaTWBHLIE mpefiesl CYINECTBYeT, TO GH
enmHCTBeH. JledCTBUTENBHO, KOJNb CKOPO TOYKA @ SIBIAETCH
TouKo#l maoTHOocTm naA E, m pgaa E, To wnepeceuenume
E = E,-E, nmeer 0ecKOHEIHO MHOr0 TOYEK B K)KIOM MH-
TepBane ! = a:

ecnn p(L-CE) < (1/2)pl mp(l-CEy) < (1/2) wl,
To m(-CE)< pl u p(lE)> 0.

IoaTomy mpenenst f (z) upu z — a o E, u mo E, (ecim omm
CYIeCTBYIOT) COBIAJIAIOT ¢ mpefiesioM 10 £ |, 3BHAUUT, MEKIY
coboii. a

Ecau f(x),=2 f(a), To romopar, uro f(z) annpokcu-
HAMUGHO HenpepbiéHa B TOYKE q.

Teopewma. /(o) nsmepumas na E, annporcumamueno
Henpepuigna noumu na ecem E,
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HokasareannbcTBo. Pasobeem £ = E, + E, +
E_+ E, na 4 muOKecTBa:

+
E,, rme f(x) xoneuna,
E,, roe f(x) = +oo
E_,rne f(r)= —o0
E,,rne f(x) me ompenemexa.

ouru na Bcem E, + E_, mMeHHO — B TOYKaX IIOTHOCTH
E, n roukax mnotroctnm E_, pyEkmusa f (r) amnpoxcmMaTHB-
Ho menpepmBHA. IloAB3ysAch ¢-CBOMCTBOM, MOCTPOMM HOCJHE-
HZoBaTeAbHOCTh MHO3kecTB F, C E,, Ha KoTtopmx f () He-

OpepHBHA U
B (Eo\ F,) <1/n.
Torga .

Ey=\F.+ R, e pR=0.
1

Or6pocuM Tourm F,, ne Bomemmue 8 | F,, u Te Toukm E,,
KOTODHE BXOJAT B HeKoTopoe F,, HO He ABJIAITCA €ro TOY-
Kamm naoTHOCTH. OTOpomenHoe MEOKECTBO UMeeT MEPY HYJb.
Haskpas ocraBmasica Touka a &= E, BXoguT B HeEKoTopoe
F,,upu n = n (a), 4 ABAAerca Toukoir mmotHoctu F,. Ilna
TAKOH TOYKH

lim f (z) = f (a) upE 2 — a 1o z & F .

Bepna u obpartmas

Teopema. Ecau f(x) annpokcumamueno Henpepuisna
noumu 6o eécex moukax (ONpENeNeHHA), MO USMEDUMA.

HorxaszartenncTso. Mckaoaum ms obracte ompe-
neneHns QyHKOWH f (r) Te TOUKH, B KOTOPHIX OHA He aIIPOKCH-
MatuBHO HenpepsiBHA. Torma muOMxkecTBo E, Ha KoTOpOM f (%)
ompeyienena, 6yAeT COCTOATh TONBKO M3 COOCTBEHHHIX TOUEK
naoreoctu. CnemoBatensHo, E Gypmer mamepumo. Ilo Toit ixe
npuynHe npu awoGoMm komewnoM A mamepumo {f (z) > A}.

T. ..

3amMeuanune Mu aoxkasanu Heuto Gonbmee: ecam f (z) momy-

aNIpOKCHMATHBHO HeNPEPHBHA HOYTH BO BCEX TOYKAX OIpeJieneHHsd,
10 f () maMepuma.

Merpunueckue nNpegCTAaBHTENAH H3Me-
PEMHX (yHEKOHU #. [IBe yHKUME METPHYECKH IKBU-
BaJleHTHH, ecJu pasiam4awrcs (1. e. He PaBHH, HIU OfHA
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ompefieieHa, 4 Apyrag — HeT) - HA MHOKECTBE MepH HYIb.
B cBasm ¢ stuM JleGer ormerma safiavdy:

Cpemm r©pcero mnaGopa @ = {f} ¢ymrnmii f, KoTopme
TDOmapHO METPHYECKH IKBHBAJEHTHH, YKa3aTh 3QPEeKTHBHO
onuy ¢pynrnmio f, & @ u mars cmocob monyveHHus f, U3 JNIO-
Goit fe= O.

Pemenne. Baars B rauectse f, Ty f & O, KoTopas
ompefelieHa B TeX W TOIBKO TeX TOYKAx e, rje CymeCcTBYeT
alim f (z) opu z — e. [lna modyveHus f, MOMKHO B3AATH JIO-
6yio /| & @, naiita MHO;KecTBO E = {e} Touek e, rfe cymecT-
ByeT anmpoKCHMATHBHHE Hpefiesl, W IOJIOKHAThH

fe (€) = alim f (z) mpm z—e.

3 a 1 aua. TosopaT, 9T0 g (z) MeTpuueck:n Makopupyer f (z) HA
E, ecin o6e onm n3mepuMH HAa E m g (z) > f (z) moutn Ha Beem E.

Ilycts @ = {f} — ceMeicTBO QyHKIMHA, M3MEPUMEIX HA MHOKECTBO
E. TlocTpouTh MUHEIMAJBHYIO METPHYECKYIO MayKOPAHTY Beex f € @ Ha
E. Tounee, mocTponTh TaKylo g (z), 9TO:

1) g merpmyecku Maykopupyer Ha E miobywn & @;

2) ecam g, MeTpmdeckm MasKopupyeT Ha E mwobywo f& @, 10 g
MeTpuyecKkn Maskopepyer Ha E QyHKOumo g.

Pemenne. He ymenbmasa o0mHOCTH pemeHmsi, OyfeM cUATaTh
KKy f OIpe/ieJIeHHOM JIWIb B TeX TOUKax E, Ifie OHA A POKCAMATHB-
HO HempepnBHa. IlojgoxkuM

g (z) = sup f (z) mo Bcem f & D.

Torpa g (z) 6ymeT ompefenena mouTn Ha BceM E u npu mo6oM A MHO:xe-
cTBO {f (z):> A} OymeT cOCTOATH H3 COOCTBEHHHX TOYEK IJIOTHOCTH.
CrnepoBaTenbHo, g (z) Oymer uamepuma Ha E. s kampoi f € O QyHk-
nua g (z) > f (z) noutu Ha BceM E. [lycTh, HAKOHeN, g; (z) METPHIECKH
maskopupyer Ha E xaxaywo f € @. Toraa B m060if TouKe x MEOXKECTBa
E, C E, Ha KOTOpOM g, (r) amIpPOKCHMATHBHO HempepeBHA, Oyjer

g1(x) > sup [ (z) =g (2).
fe®

§ 3. IpomsBopHeie umcaa

B sToM naparpage (ecau He Oro0BOpeHO IPOTHBHOr0) pyHKIUA
f (z) npexmosiaraercs ompefiesieHHOX Ha L — muTEpBaje WM
BCell mpPAMON — WM KOHeuHOU B KayRNOU TOUYKE OIpeleeHusd.
Jas Takoit (yHKIME ompeneseHO PAa3HOCTHOE OTHOIIEHH®

f@)—1()

2 —2 ’

worma z, © L u z + ',
82



1. IIpomsBopHoli, pyHKOEA f B TouKe z, HABHBAETCH, KaK
H3BECTHO, ILpefeln

' (z) =lim [f(z') —  (2)]/(z’ — ).
x'—x
JleBas n npasas leOHBBOJIHHG onpene.naml‘cﬂ KaKk mpefeJsl:

X >0

x’—ooc+o ' —2x

9T mpesenH MOTYT, pasyMeercs, He cymecTBoBaTh. Ho
Beerfia CymecTBYIOT (KOHEYHHE WIH GecKOHEeYHHe) ITPeJIeJIHl

(z = L):
f-(x)= lim _I.E”_)_“_f(ﬂ, F)=Tm 1&)=1@

x'=5—0 x'—x+0 ¥ —z
i — T fE)—f(@) (z)—f(x)
fAz)= - _{:}EO z —z » 1+ (@) x,ll:_‘io —z

OHu HasHBAITCH NPOU3EOOHBLMU Hucsamu. 3HAIOK + (—)
DOKaseBaeT, 910 mpefen Ge-
‘perca cupasa (cieBa). Ecam Tl
3HAYOK CTOMT CBepXy (CHE- '
8y), TO 3TO BepXHHi (HEK-
HUM) mpefien.
Beauwunw f* (z), f, (),
- (z) u f(x) waswvearomes
COOMmeemcmeenro:  6eprHell
npasoil, HuxcHeld  npasoii,
sepxrell #e6oll U HuiCHel se- 'z
60ii npouseodnoli. ;
3ameTsTe, 4TO HA pHC. Puc. 4.2.
4.2 HWKHSAS JeBasg NPOU3-
BOfiHASA pacmoaaraercs BHIIIE Bepxme#t  ueBoii,
ITpousBogHEe uYmMCIa HONYMHEHH HEPaBEHCTBAM

@ <f (@ 71 (@) <1 ()
& B OCTAIBHOM OPOMBBOILHH. Ecam
I-(@) =1 (@) = £ () = (@),

To cymectByer mpomsBopHas [ (z). Ecam f, (x) = f* (2),
TO B TOYKe 2z CYIECTBYeT NpouWsBofiHasgA cmpaBa. Ecan
f,(x) = 00, T0 f (z) = f*(x) = co m mpomsBogHaa cmpasa
paBEa +oo. U 1. .
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Vopamusernnsa (1) Ecam g (z) = — f(z), TO

gt (2) = —f, (2),

g+ (2) = — [+ (2),

g (@) =—[-(2),

g- (2) = — f- (2).
Ecam

g(z) = —f (— 2),

TO0
g (@) =f (—2), & (2) = f-(—2),
g (@) = f(—2), g- (2) = 4 (2).

3necw, pasymeercs, f+ (—z) O3HAYaeT BEPXHIOH IPaBYIO IPOH3BOAHYIO
¢yHKUMA f B TOUKe (— z). ITH QOPMYJH WHOTAA MOMOTAIOT IepeHecTH
CBOMCTBO, YCTAHOBIEHHOEe Jjisi ORHOTO HPOM3BOAHOrO 9IMCja, HA
pyrue.
(2) Ecam f+ (z) < ¢, T0 cymectByer Takoe 8 > 0, uro mpm Bcex
z’ € (z, z + 68) Gyner

fi@)—f@<e (s — 2).

(3) Ecam f* (z) > ¢, TOo CymecTByeT mOCJIEOBATONLHOCTD T, — Z,
JJIA KOTOpOil mpH| Bcex n = {1, 2, ...
>z 0 f(zp) — [ (@) > e (2n — 2).

(4) Ecan g (z) = [ (2) 4 cz, TO g_ (z) = f- (z) + e
(5) Ecam f- (z) > 0 > f+ (z), T0 2 — TOYKa CTPOroro JOKAJIbBHOTO
MaKcEMyMa, T. .

(F>0V2) 0< |2 — 2| <b= f(2') <[ ().

2. MuoxecTBo Towek miIockoctm Ozy, PacImoNOKeHHHIX
Mesny aygama f, (z,), f*(z,) @ Mexay aysamm f_ (z,),
f~ (x,) (BruOWasg caMm JaydYm), HA3HIBAOT KOKMUHZEHyUel
K = K (f, z,) ¢yErmum fB Touxe z,. Toumee, (z,y) &
K (f’ xo), ecin

=Ty B Y = Yo»

w2 2o B f-(29) < y_y: </ (%),

r — X
Al £ > Ty B [y (z0) < Z:Zg < f* (x0),

rae y, = f (zo)

IlonsiTHe KOHTHHreHOWH INONE3HO [IiA (GOPMYTHPOBKH
cuefyomeil TeOPeMH, COCTABIAIMIE OCHOBHOE COJlep:KaHude
sToro maparpada.
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Teopewma (A. Hamrya). IToumu ¢ xandoii mouke x
(ompenenenus f) xonmunzenyus K (f, x) seasemes 0dnoil u3
caedyowux Pueyp:

(1) npamoii (HeBepTUKANBHOIL),

(2) noaynaockocmoi (HeneBoit ® HempaBoii),

(3) naockocmoro.

WuuMu  cnoBamMu — nowmu 0as  6cex x 6bLNOAHAEMCA
00HO0 u3 caedyowur Ycaoeuii:

(1) 1- (@) = 1~ @) = £, (2) = f* (2) 5 % oo;
() f-(x) = — o0, f*(z) = +oo, f (2) = 1, (x) += Fo0;
2)f- (@) = 4+ o0, 1, (2) = —o00, [_(x) = f* (2) #= £oo;
B) 1= (x) = 1, () = —o0, [ (x) = f* (x) = +oo.

9ty teopemy JlamKya OTKpPHUI [Js HeNpepPHBHHX QYHK-
nui. Ee nomosmaun H. Jlysan, nokasaBmmii, 970 DpOoH3BOAHAA
m3MepuMoil QyHKIHMA ofbpamaercsa B 4= oo Juilb Ha MHOMKeCT-
Be MepH HYJb. BIoctecTBUH BHIACHHUIOCH, 9TO TeOpeMa Bep-
Ha [JIA BCeX KOHEYHbiXx QyHKIu# (X0TA GH W HeHBMEPHMEIX).

>

(2)

)

(3)

Pacmonosxesde TPOM3BOAHEIX 9MCeNl B THNMYHHX CIy9asx!
manocTpupyer puc. 4.3.
JloxasaTennCTBY TEOPEMH MPEANONITIEM HECKOMbKO JeMM.
Jdemma 1. p {f* () = —oo} = 0.
NokaszaTenbcTso. JlomycTaM, 9T0 PACCMATPHUBa-
emoe muo:kectBo I' = {f* (z) = — oo} mmeer pT > 0. Nan
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xaxporo z & T HaiifjercA Takoe HATYyPajJbHOE n, 9TO
ecim < ' < z + 1/n, 10 f(2") < f (2). (%)

{Tycrs T, cocrout u3 Todek z & I', yHOBIETBOPAIIMUX yCJIO-
pmio (). Torma T = { T,, u mexoropoe T, Gymer n1l, > 0.

dro T, mmeeT TOUYKH BHeImIHe#l miIoTHOCTH. BOkpyr ofHoii
13 HEX BHOepeM muTepBai ! = (a, b) ¢ koumamu g, b= T, &
ganaoit ul < 1/n. Ilyers E — Toukm BHemIHe# NJIOTHOCTH
IT,, npunangne;kamue [T,, Tak 9ro pE = p (IT,) > 0.

Bossmem N > 0. Ilockoabry f* (z) = —oo miaa z < E
u 109k z = E npenensnsl copaBa fis Todek E, To K Kam-
poMy x = E cxommTcs mnociefoBaTeABHOCTh ZTp—> T, MIA
Kotopoit (p = 1, 2, ...):

zp > % 2p = E, f(xp) — f () < —N-(zp — 2).

Cucrema S = {[x, zpl} orpeskos [z, z,l, B3aTHX AR BCEX
r=Eup=1, 2, .., nokpuBaer E mo Buramm. Uz mee
MOKHO BHOpATh KOHEYHOe 9HMCJIO HEeHAJeTaloIAX OTPE3KOB
dr = lag, by) ¢ cymmoit miamn

Dn d>pE/2.

Touru {ar, bz} pasbmpawoT (a, b) Ha KOHETIHOE TIUCIO OT-
peskoB dp = [an, brl m KoHEUHOE YHCNO OcTaBmEXCA mATEpP-
BanoB Ap = (up, vg). Ha oTpeske dg

f(ba) — f(an) < —N-(br — anr).
CymMaprO mo BeeM dp

o= NIf(bx) — (@)l < — N D p dy.

VY uurtepBama Ap = (ur, vs) 06a koEma up, Vi = EC T, m
ae;xat Ha orpeske [a, b]. IloaTomy

f(e) — 1 (ur) <O

H CyMMapHO mo Bcem Ajp

Sy = D) [f (vx) — f (ux)1 0.

ITpmpamenne f (b) — f (¢) paBHO cymme npupameHuit f
Ha dp u Ay. CremoBatennHo,

f(b) — f(a) = 0, + 0y < —NRpE/2.
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U Tax xax N mpomsBoasHo, 10 f (b) — f (a) = —oo, Bonpéxu
ompepenenno f. Jlemma 1 mokasaHa.

Gunepgcrsue. Ilpumensa nemmy 1 k g (z) = —f (),
oxyIaem
i{fs (2) = +oo} = p{g*(z) = —oo} =0.
Takum ob6pasom, p {f, (z) = o} =pn {f* () = — o0} =

= 0, T. e. npasaa npoussodnas Pynkyuu | obpawaemcs
6 £0o auwb Ha MHONecmEe mepel Hyab. lloaTomy memma 1
yKe comepxur nutuposaEnyio Teopemy H. Jlysuma.
Jemma 2. p {f+ (2) < 1. (x)} =0.
JloxasmeM, 49ro paccMaTpuBaeMoe MHOKECTBO (Ha-
soBeM ero I') me Gomee dem cuerso. [laa xamgoro z = T
HaffeTcsA PAINMOHAIBHOE I' TAK0e, UTO

(@) <7 < f- (o). (1)
O6o3smadum gepes I', MHO;kecTBO Beex z — I', yAOBIETBOPAIO-
mux yeaosuwo (1). Torma T= ( T,.
Y ¢yuxuumm g (z) = f(x) — r-z npousBogHEHE dmCIA
gr(x) =f"(x) —r m g_(z) = f_(z) — r. IloaTomy

et <0< g (@) =T,

Temeps piaa raxpgoro z & I, Haliercs HaTypajibHOE n
TaKoe, 4TO

ecm 0 < |2 —z | < 1/n, 10 g (') < g (x)- 2

O6oznraamm aepes T, MEHOKeCTBO Bcex x — T, yIOBIETBOPA-
fomux yciaosuwo (2). Torma 7, = | T,,. Ho aBe T09km ms3
omaoro I',, He MOTyT HAXONUTHCA HA PACCTOSHMM MEHBINE
1/n. 3Ha9uT, CIETHH BCEe MHOMKECTBA

Teny T'=UTm, T=UT,.
Jemma 3. p{—o0 < f (2) < f*(z) < o0} =0.

JorkasareabcTsBo. J[lomycruM, 9To paccMarpy-
Baemoe MHokecTBo (T) mmeer mT > 0.

Ona wkamporo x & T HalimyTcsa panuwoHalbHEe 7'y, 8§ H
HATypaJubHEE m, n, OPA KOTOPHIX

1 —m @< r s f* (2) < m,
2Q)ecin z —1n<l 2 <zlz"<z+ 1/n, 10
f(xx):£($)> —m, f(ac)——f(x) <m.
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O6osmaunm uepes T (r, s, m, n) MHOMecTBO Bcex z & T,
yaosnersopsiomux yciaoBuam 1) m 2). ITockoasky cmcrema
{T (r, s, m, n)}, 00 BCEBOBMOKHKM I, S, m, n, BCero JHUIIb
CYeTHA W MOKPHIBaeT MHO;KeCTBO I, To X0TA GH OJHO M3 MHO-
/HeCTB cucteMn — mycth sro 6ymer H = T (r, s, m, n) —
ameer pH > 0.

H wmeer Toukm BHemmue# niotHocTH. OKpy:REM OfHY H3
gux mATepBanom ! = (a, b) ¢ yciaoBmaAMHE

rage 0 << 8 < 1/2, a B ocTanbHOM — HPOA3BOJIBHO.
OGosnaumm dvepe3 E MHOKECTBO TOYeK BHEIIHEH MJIOT-

HocTE MHOkecTBa [H, npumapaexammx [H. Torma pE =

=pn (lH), HK Kamnon Touke K cxomaTcd nBe mocaenoBaTelbHO-

ctn zp— 2 — 0 m zp—> 2z + 0 Tower ms E, 1us KOTOpHX
p=1,2, ..

f@y)— 1 (2) f@,—f @)
P,__< < <___P_.

:vp— p—x

Cmcrema S’ = {[x;,, z]} orpesxos [z;,, z], B3ATHX maA

Bcex z= Euwp=1, 2, .. mnokpusaer E mo Bwmraim.
U3 mee MoxH0 BHOpaTh KOHeYHOe UHCJIO OTPE3KOB &, =

= la}, byl ¢ cymmoit mnmm

Zpde > (1 —28) pl.

AmanormisnM obpasom m3 §” = {[z, xp]} MOYKHO BH-
6paTh KOHEYHOE YHCJIO0 OTPE3KOB dk = [ak, bl ¢

2 pdy>(1— 28)pl.

Yro6n mpmBecTE K mpoTmBopedmio pomymenue pI > 0,
cocumTaeM NIBYMA cumocobamu pasHOCTh f (b) — f (a).

Mepsuit cunocob. I/IHTepBan (a, b) pasbur Ha Ko-
HEYHOEe YHACJIO OTPEe3KOB d [ak, bk] B KOHeYHoe YHCJI0

OCTABIOIUXCS HHTEPBAJOB A = (u}, v}). Orpesox d ecTs
Hexotopoe [z, z). las mero

1 (@) — f (b))
a;‘ —_— b;‘

<r m f(be) — f(ax) <7 pAg.



Cymmapso mo BceM dy Gymer
SUF (b)) — £ (@] < 3} e

Y HHTEpBAIa A, =(uy, V) oba komma uy, V,EH m
v, — uy, <A/n. Hoa’romy

f(vk) 1 ()

vk—u

<m & f(v) — f (ux) < mpA.

Cymmapuo mo BceM Aj Gymer

D Uf r) — f @) <m 3 p Ay

Pasnocts f (b) — f (a) ckaajnBaeTca H3 BTHX OBYX CyMM}
FO) = 1@ < rJudi+ mpd
IlopcraBnas Zp. dy= pl— Z B Ay Zp. A'k<26;l.l, Moy JaeM

[f(d) —f@lpl <<r+2(@m—r)é.

Ho 3 > 0 Bubmpanock mocie Toro, kak —m < r < s<m
6uim urcupoBannl. IloaromMy mus mocraTouno mManasix 6 > 0
6yner

[/ (&) — f (a)lipl <. (1)
Bropoi cmocob. I/IHTepBaJI (a, b) pas6uBaercsa
Ha KOHEYHOE YHCII0 OTPeBKOB dy = [ak, b] @ KOEeIHOE THCITO

OCTaBIIEXCSA HHTEPBAJIOB Ay = (uk, vk)
Otpesox d* ects mexoropoe [z, z,]. Ha mem

f (o) — (a,o
bk k

>s = f(bx) — f(ax) > spdi.

Y mmrepsama Ax = (uy, vUy) 06a KoELa ur, vy = H 1 vy —
— ux < 4/n. Tloaromy

f (o) — 1 (up)

Vp— Uy

> —m u f(v) — f (ur) > — mp Ay
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CyMMapHO 110 BCEM dy m Ay Gymer
f(b) —F@)>s Spdi—m S p A
[MocraBnas Zp.d; =pl — Zp.A}; u p Ay < 28ul, mMeeM
[f (b) — f (a)l/pl >s — 2 (s + m)d.

N paa mocratogno maamx & > 0 6ymer

[f (8) — 1 (a)l/sl > 5. @)

Onenkn (1) m (2) mecoBmectamsr fust r <s. Jlemma 3 moka-
3aHa.

JJemma b p{—oo=/f (z)==f(x) << o0} =0.
HJorxasaTeasbcTBo. Ecam atro He Tak, To M mp:
HEKOTOPOM HATYPalIbHOM m

p{—oo =f_(z)F=f" (z) < m}>0. (%)

O6oznauum Muo;kecTBO (*) depes T,,, a uepes T, — Te
Toukn z & T,,, OJIA KOTOPHX

ectm z < z" <z + 1/n, TO f(:) (z)<m

IIpu HeroTropoM HaTypalsHOM n MHOKecTBO H = T, Gynmer

rH > 0.
Bosbmem mmrepBan ! = (a, b) ¢ ycnoBuamu

a,be H, pl<1/n, p(H)>0.

3aduxcupyem umciao N > 0. Ilockounbry f_ (z) = —oo mpm
z & H, To ® raxmoii Touke x & IH crATrmBaeTcsa MOCIEKOBa-~
TeJABHOCTh Tp —> Z, KA KoTopoi (p = 1, 2, ...)

[ (@) —1 ()
a <l xpylz b, —x’;Tx—-<—N.

Cucrema {l[zp, zl}, B3aTas mus Bcex z & IH u p, HoKpHBaeT
lH no Buramu. 3 Hee MokHO BHOpaTh KOHEYHOE IHUCIO OT-
peakoB dp = [ap, brl ¢ cymmoit muun

S > (LH) 2.

Konnu ap, by orpe3koB dp pas6uBaoT [ Ha KOHEYHOE THCIO
OTpe3koB dp M KOHEYHOE YHACJIO OCTABIIMXCA HHTEPBAIOB
Ak = (u Ry Uk).
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Orpesox dp = [an, brl saBaserca meroropmm [z, z].

Ha mem
f(br) — flar) < —N (br — as).
N cymmapuo mo BceMm dp

SF ) — Fa)] < — N Spdi < — Nu(H)/2.

Y wmurepsana A, = (up, vp) uaeBwit xomen up e H,
a mpaBuit vp — ur < 1/n. Ha Hem

f(vr) — f(ug) < m (Vg — wy).

M cymmapuo mo Bcem Ay
D (r) — Fur)l < m Y Ay < mal.

Taxam o6pasom,

f () — f(a) < —Ng (CH)/2 + mpl.

Ho N > 0 — awoGoe. 3maumr, f (b) — f (a) = —oo, dero
He MokeT Omrp. JleMma 4 moxasama.
Cobmpass nemmu 2, 3, 4, momydaem aemmy 5.

Jemma 5. p{f () & f+ (z) < o0} = 0.

Jemma 6. Iloumu 0sa ¢cex x= L
f* () = oo uan f_ (z) = f* (z) #= oo (%)

HoxasarteancTso. Ynaimm u3 L gBa MuosxecTBa
{ff (x) = — oo} m {[_(2) [ (z) < o0}

B ocraBmmxcs ToUYKax z BHIIOJIHATCA YCIOBHE (*), a yHajeH-

HEIe MHOKECTBA HMEIOT Mepy HyJb mo JemmamM 1 m .
lokasareabcTBO Teopewmn. lloarm B Kam-

moit Touke x & L BHIOIHAIOTCA CIERyIOm@e ABa YCIOBHI:

1°, ft = 400 mam f_= ftr=F+ oo.

2°, fo=—o0 mum ff =f_=k4 co.

HeiicTBaTeNnBHO, IEPBOE YCIOBHEE BHIOJHACTCA IOYTH BCIO-
Iy mo JemMe 6, a BTopoe — mosydaeTcs IpAMEHEHHEM ePBo-
ro K ¢ynxnun g (z) = f (—=z). Oba yemoBua moxHO 00BEIH-
HATH B OfHO: IOYTH BCIONY

1%, f. = J* 5= Zoo mm (f* = +o0 B f. = —o0).
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ITpamensisi aro yrBepkpeune K g (z) = —f (—z), moaydaem,
9T0 HOYTH BCIOLY

2°. f,=f 3+ Foc0 mim (f,= —o00 m f- = +oo).

VYnanum m3 L Toukm x, re HapymaoTcs ycaosas 1°° anm
2%, OcraBmimecsi TOYKH PasfeddiOTCA HA YeTHpPEe IPYIIH.

1) fo=fr5*o0 B f, = f ==+o0.
Has sTax ToYexr

f=f>h=F>f++to

Hu, 3HATHT,

1) fo=f' =1, =+ £oo;
) fi=f+to m f*=+4o0o, f.=—o0]
2) f=f'setoo W f,=— o0, f= oo

3 f=fi=—o0 m f=f=1+oc.

Ho sto m ects rpynou 1, 2), 2'), 3) reopemu Jamxya. Teo-
peMa JOKasaHa.

PacupocrpanmMm teopemy [amxya mHa ¢yEEKOmIO f, Ba-
HNAaHHYI0 HAa OPOH3BOJBHOM MHOKecTBe E. Ilasa sroro cmepBa
nponoskuM [ na Kt

f(z)= ﬁﬁf(x') no z'eE pin z= EN\E

a 3aTeM JmHeiHO Wa mHTepBaiH (a, b) cMeskuoctT! F (mempe-
PHBHO B To9Kax a, b). Herpyumo mpoBepmurs, 9T0o mpm sToM
npomsBonHEEe 4ucia f Ha E He WMBMEHATCA W AWML MOTYT
NOABATHLCA B M30JMPOBAHHKX (CleBa WM cupaBa) ToYKax E.
Ho rTakmx ToYex cueTHOe MHOKECTBO. TeM CaMEIM Teopema
Hamxya moxasana miA n060i KoHeIHOH PyHKmEHA, ompene-
JeHHOK Ha JI060M MHOKECTBE.

W3 Teopemu [amya 1erko BEIBOTHTCS

Teopema (A. Jlebera). Monomonnan Pynryus umeem
noumu 6cwdy EKOHENHYI0 NpPOU3EOOHYIO.

HoxasareabctBo. Ilyers f MoHOTOHHO He YGHBaer.
Torma pa3HOCTHOE OTHONIEHH®

[f (z') — f(@)1/(z' — z) >0 pna scex z’ = z.
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ITosToMy Bce mpomaBojHHe dmciaa ¢yHKumEm [ He OTpHIa-
TeJbHH W U3 4YeTHPEeX BO3MOKHOCTe: TeopeMun Jlamsya
1), 2), 2'), 3) ocraerca opma — 1).

3 apgagun. Iycrs f(z) BenpepuBEa Ha [a, b], a h (z) — npous-
BOJIHOE YHCJIO OT f(z) HEKOTOPOTO (PMKCHPOBAHHOIO THHA (HAIpHMep,
h(z) = f* (z). Torpa:

1) [f ) — f @U — ) S [P h(2) mo z E [a, b].

2) Ecau h (zr) HenpepHBHA B TOYKe r = x4, TO CymeCTBYeT (KOHeY-
Hasg) unpoussBopHas [’ (zy) = h ().

3) JIio6oe npon3BOfHOE 9HCIO KOHEUHOH maMepmmoil QyHKIAM —

H3MEPHMO.
Yrasanme. [oxasarh, 4T0

@)= lim lim sup [j(z+H)— @A,

rae sup GepercA IO BeceM

1/m < K< 4/n.



TJIABA 5
TPAHCONHNUTHI

Buonre ynopsanmodennne muoskectsa HamTop BBed, 4To0H
DOJYYHTh [JIA MBMEPEHHsA MHOKEeCTB MEHbImit MacmTal, TeMm
MOIMHOCTh; W [JBATAsICh STEME 0ojee MEJIKMMM IIaraMd OT
3a[aHHOTO0 MHOJKECTBA, HOCTPOUTH MHOKECTBO CARYIOmei
Momuocta. B wacTHOCTH, mMOCTpOMTL MEepBoe HECYETHOE.

Kpome Toro, B 9T0ii ri1aBe H3AaralOTCA BOBMOMKHOCTH, CBS-
3aHHHE ¢ HCIOJH30BAHWEM MOCTyJnaTa cBobomHOr0o BHIOOpa
9. Iepmemno.

§ 1. Yoopsapgouennbie MHOKecTBa

Onpenmenernme. MHomecrBo A HaswBaeTc yno-
pAdouerHbiM, €CIHE ANA AOHX ABYX (pasiHYHHX) €ro sie-
MEHTOB a ¥ b 00BABIEHO OMHO W TONBLKO OXHO U3 ABYX COOT-

HOINIGHUA:
a<bum b<a;
npmieM eclim a, b, ¢ — DIEMEeHTH MHOKecTBa A, TO

(e<<b m b<c) Bueger (a < c).

B cayuae a < b mmmyr Takme b > a W TOBOPAT, ITO
a Mensme b, mam q upegmectsyer b (b Goapme a, win b ciae-
oyeT 3a a).

Heckonsko mpumepoB. MuoxecrBo A = {a, b, ¢} yno-
pApodeHo cootHomenmsaMu a < b, b< ¢, a < c. Ho omo
He ymopAfodeHo cooTHomeHWAME a < b, b<le¢, c¢<a,
u60 U3 mepBHX [BYX CixefyeT a < ¢, BOIPEKH TPETheMY.

MEoxecTBO HATYpaXBHHX YHCEI MOKHO YIOPAMOYATH,
06bsBEB m < n, KOrZa 9HCIO m MeHbINe 9Idcaa n (ITOT
CIOCO0 YIOPAJ0YEHMS HA3KBAIOT €CTECTBEHHHIM, WM YIOPH-
HKodeHWEM B MOpsAKe BospacTamms). llonyTenHoe MHOMKeCTBO
Oyner mMeTh mepPBHIA 2JeMEHT u He Oy[eT mMeTh MOCHeTHEero.
Ho MBO;KecTBO HATYPAJBHHX UHCEJ MOKHO yHOPALOYATH, B
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obpaBuB m < n, korma dmcio rr Goibme dmcita n; mONydeH-
HOe MHOKeCTBO OyLeT mMeTh MOCIe[HMA HIeMeHT u He Gymer
AMETH HepBOro.

YoopsAmoIeHo MHOMECTBO AEHCTBHTEABHHX (HIM pamuo-
HQJIBHEIX) 9ACEJ, PACCMAaTPHABAEMHIX B X €CTECTBEHHOM IIO-
pAaxe.

Vopamuaernne. Ilyctb A = {a} — cueTHOE yHmOpPS/O9EHHO®
MHOKECTBO, npmieM: 1) B A HeT HM mEpPBOr0, HA IOCIE{HEro dJIEeMEHTa,
7 (2) And KaOKOA mapH dIeMEeHTOB A HABJeTCs TpeTHWi, 3aKJII0YEeHHEIA
Mexay HuME. OToOpas3uTh A B3aMMHO OJJTHO3HAYHO HA MHOKECTBO R =
= {r} paguomanbEnx wucen 0 << r < 1, TaK 9TO6H

ecm a1 <az BAHM gy o1y, aaerry, T0 1y < rs.

Ilonatue ymopsmodeHHOCTH Jerko ¢opManmsoBaTh. MHO-
mectBo A = {a} ymopapodeHo, eCIH CONPOBOKAAELTCA TAKEM
mHOkectBoM F = {f} map f = (a, b) amemenToB a, b = A4,
910

(1) (a, a) && F BE upm kaxoM g,

(2) ope a == b us gByx nap (a, b) u (b, a) ogEA & TOABKO
omEa Bxomur B F,

(3) ecm (a, ) = Fu (b,c)=F, 10 (a,c) = F.

Tarkmm o0pasoM, «ymopsfaodeHHOe MHOKeCTBO A» — 3To0
mapa muoectB (4, F); m 0HO MHOKECTBO, YHOPAKOYCHHOE
ABYMA pasidHYHHIMA CIOCO0AMH,— 5TO [[Ba YIOPAMOICHHHIX
MHOKECTBa.

B panpmeitmem 6ymer mokasaHo, 9T0 110606 MHOKECTBO
MOKHO YHOPAROYHETH (C DOMOMBI0 IocTydaTa BHOOpA).

§ 2. Bononne ynopsgoueHHbIe MHOKECTBA

Onpepmgenennme. MHuouecmso eénostne ynopadoueno,
ecau OHO Ynopadouero marum o6pasom, ¥mo kaxcooe Henycmoe
€20 nodmHoNceCMeo umeem nepeviii saemeHm.

CpenaeM HECKOJBKO 3aMeTaHH i

1) Jlio6oe KOHEYHOE YHODPSA/OYEHHOE MHOKECTBO SBJAETCA BIOJHE
YIOpS/I0YeHHEIM.

2) Harypanbmmit psag 1 <2< ..., yOOpANOUeHHHHE B HOPAAKe
BO3DACTaHMsA NEJIKX YHCe], BIOJHE YNOPAAOYeH (OKABHBAETCHA C IIO-

MOIbI0 IOCTYJIaTa MHEAYKOum!).

3) MuoxecTBO TOYeK maTepsana (a, b) mam orpeska [a, b] (mpm
a 5= b), yHOpAKOIEHHOE YCIOBHEM: Ty < T, €CIIH TOYKA I, JIEBEE TOY-
KH T,,— He BIOJIHE YHOPsAKOIeHo. B 060nXx ciaydagx IOAMHOKECTBO
(a, b) He COfepIKUT caMoOii JEBOH TOYKH.
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4) MHEO:XeCTBO OTPHIATEJbHHX IeNHX IMCeJ], B HOpAAKe:

Ll =< <2< 1,
He COMIePIKUT IIepBOrO djieMeHTa i, 3HAUHT, He BIIOJIHO YHOPAAO0ICHO.
5) MmoskecTpa
(1) ay, ag, ...y by;
(2) ay, agy ooy ; by, gy eeey
(3) @41, @39y «+ey Ggyy Ggay eey oo
YIOPATIOUYEHHEE B HOPsAKe HAMCAHUA C1eBa HANPABO, BHOJIHE YHODSA-

HOYeHH.
6) MBO:xecTBO (ymOpPAZOYeHHOE B MOPANKe HANNCAHWA)

A1y Qgy eeey Qpy cony cony bﬂ, coey bg, bl
He BIOjiHE YyHOOpPAA09€HO.

MHnoxcecmeo enoane ynopadoweno mozda u moavko mozoa,
x020a He codepacum nadarowels yenouru (T. €. GeCKoHETHOH yOH-
BaOMEN IOCIe0BaTEALHOCTH).

JleitcTBETENBHO, €CAH TaKas OEmO9YKa ecTb, TO OHA SB-
ngercA MHO;KecTBOM 0Oes mepsoro siaemenra. IlycTs, ¢ apy-
roit croporsl, B = A u B B Het mepBoro saemenTa. Bossmem
b, & B. Tak kar b, — He mepBHii ameMenT B, To mafifercs
b, = B Takoe, 910 by < b;. Ho by — Toxe me nepsmil u Haii-
merea bg < b, m 1. .

ITogmuoxectBo B & A BumoiHe yumopsmoderHo o A camo
ABJAETCA BUOOJHE YHOPANOYEHHHM, B CHIY OTHOIIEHWA IIO-
pAfKa, yHacaefoBaHHHX OT A (T. e. HMEOIEXCA MEKAY
smeMenTaME B, kak smementamm 4).

Hasxguit oneMeHT a yoopspmo9eHHOro MHOMecTBa A ompe-
neaser ompesok A [al, cocronmuit us snementoB < a. Otpe-
30K A [a] Bnonme ymopspgouernoro A — cam Bmoime ymops-
JI096H B CHIy OTHOmeEHWA mopspka, mmeomuxcsa B A. Cromt
3aMETHTh, YTO CPEAH OTPE3KOB eCTh IYCTO# (OTPE3OK mMepBOro
DIIEMEHTA), HO HET 0TPe3Ka, COBIAKAIIIEro CO BCeM HCXOTHHIM
MHO3KECTBOM.

Yopamnuenmne. Ilyctb A = {a} Bnoame ynopspgouero u 4, C
G A. Ecin

3 a< a;, € A, caenyer a € 4,,
uann

H3 a > a, & A, cnefiyeT a & A,,
TO A; coBmajiaer ¢ A Wiu ABJIAETCH €r0 OTPe3KOM.

IBa ynopsapmouenEnx MHoykecTBa A = {a} m B = {b}
HAa3HBAIOTCA nN0J0OHBIMU, €CJIN CYIECTBYeT B3aUMHO OXHO-

96



3Ha9HOEe cooTBeTcTBEE f (a) = b, coxpaHAwmEe MNOPHMOK,
"T. €. ecan

a; < a, B A Bueuer f (a,) < f (a3) B B.

Camo oro0paskeEEe f, COXpaHSAIOmEe HOPSINOK, HA3KHBAETCA
nodobuem.

Boonne ymopsfoYeHHOe MHOKECTBO MOJKET OKa3aThCH
noo0HEM cBoeMy nogmuO:kecTBy. Hampmmep, mogo6HE MHO-
JKeCTBa

H<2<.), 2<83<..), 2<4<620.

Ho mmeer Mmecto BaskHASA

Jl e m M a (ocuoBHas). Ecau enoame ynopadouennoe MHO-
acecrneo A = {a} nodo6rmo omobpaxcero Ha ceoe nodmHoNcecmso,
mo o6pas f(a) > a 049 Kamdozo a = A.

HeficTBATeNbHO0, HWHAYEe CYMECTBOBal OH mepBHH aie-
MenT a' & A, obpas roroporo b’ = f(a’) < a'. Ho Torsa
f(')<f(@)="b m caegoBarexsHo, ‘a’ — He 'mepBHiH
piaeMent, obIamaromuii 3TAM CBOACTBOM.

CanemctBusa. (1) Booxme ymopagouennoe A me Mo-
seT OHTH moMo6HO o0ToOpa;KeHO BHYTPH COOCTBEHHOTO OT-
peska. [leficTBuTenbHO, IPH TaKOM 0ToOpaskennn f (4) BHYTDH
A [a] 6m10 61 f (a) < a (Bompexm aemme).

(2) Ecnim A m B Bnoxne ymopsiiouensl, To A Moxer GHTH
moytobuo He Gosee IeM OFHOMY OTPE3KY MHOKecTBa B.

(3) Epmucteennoe momo6HOe oToOpasKeHHe BIOJHE YIO-
pagodeHHOro A Ha cebsA ABIAGTCA TOKIECTBOM.

§ 3. Jmmnua

Mu roBopmM, 9TO [Ba BOOJHE YyIOPAAOYEHHHIX MHOKECTBA
A u B mmenr odunarosyio dauny, mam ato A xopowe B (To
e camoe: B mimmanee A), m mmmeMm

[4]=]B|, mxr |A]<| B (ro sxe: | B]|>]Al),

xorga A momo6HO B, mam Koria A momo0HO oTpesky B.
Ornomerne |A|<<|B| TpamsmTuBEO, a OTHOIIEHHE
|A| =] B| obnamaer BceMm cBo#iCTBAMH BKBHBAJEHTHO-
ctn. Kpome Toro, 5T OTHOmMEHHS COXPAHAITCA DDA 3aMeHe
A u B muomectBamu | A* | =|A| un |B*|=|B|.
Teopewma (ocuoBHas). Jua dsyx enoane ynopadoieH-
Holr mroncecme A u B umeem mecmo 00H0 U moabko 00Ho u3

97



COOMHOWEHUTL?
[Al=1B],|A]<|B], | 4] >|B]. (%)

HoraszareasctTso. Cmepea 3aMeTEM, 9TO JTH
COOTHOIEHHA MCKIYAIT APYr Apyra. leiicTBHTeABHO, ecam
cymecTByeT momoGHoe oToGpaskemme f mMHOMecTBa A Ha 0T-
pesok B [b] m momo6roe otobpaxenme g MHOkecTBa B Ha A
HIH €ro OTPe30K, To oTobpaskenme h = g (f) (cmepBa BEImoJI-
HAerca f, moToM g) Gymer momoGEHEIM oTobOpakemmeM A Ha
ero orpesok A [g (b)], aTo meBosMmokHO. B 9acTHOCTH, MNOKa-
3aHO, 4TO

ms |BI[b']1|<|BIb"]| cuemyer b < b"
ang  aob6ux b, b”" = B.

Jlnurnee mokasaTh, YTO OJHO M3 COOTHOMEHWi (*) Heii-
CTBHTEIBHO mMeeT MecTo. IlJs 9Toro ompefeamM HEKOTOpEHIe
nomoOHEe MHOMKECTBA

Ay={a, =4 m B,={b,}&B

= mokaseM, 910 A, = A mim B, = B.

Ecam nBa orpeska A [a]l m B [b] momoGar, To oTmEceM
a m b kK MuoxectBam A, ®m B, m monosxkmM f (a) = b. Ilo
npenupymeit nemme ortpesok A [a]l momer Gmte momo6en
amme mo ofHOMy orpesky B [bl, m orpesok B [b] — xums
ogaomy A [al. ITosToMy f fmaeT B3amMHO OHO3HAYHOE OTO-
6pasxernne A, ma B,. Boxee Toro, f mogo6HO oTobOpakaer 4,

Ba B,. [leiicTBmTenpHO, ecam a. << a’ — dIeMeHTH A, u

b, b, — mx obpase, TO
|Blb)|=]Al2]]<|Ala]]=]B 1b.]],

u, sHaumT, b, < b,, Kak yxe jokasamo. Hrak |4, | =

= || Byll-

IToxamem, uto A, coBmajmaer ¢ A Wim ABIASETCA €ro OT-
peskoM. 3ajpurcupyeM a. = A, m a”" = A, AIA KOTOPHX
a" < a.. MnomxecrBo A’ = A [a;] mopo6ro oroGpakaercs
Ha B’ = B [f (a;)] mexoropoi#t ¢pynrnmeir ¢. Ciegosarensro,
A’ [a"] nopobuo oroGpamaercsa QyHKIMeH @ Ha MHOMKECTBO
B' [p (a")]. Ho A’ [a"]1= A [a"] m B’ [ (a")] = B [¢ (a")].
ITosTomy a” & A,, no onpefeneruo mHOMKecTBa A ,. Wrak;

s ADa" <a, & A, cuenyer a' = A,
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Taxum obpasom, A, coBunagaer ¢ 4 mnm ABIAETCA €ro 0TPE3-
KOM. AHaJIOTMYHO yCTaHaBIHBaeTcs, 4ro B, coBmapmaer ¢ B
A ABIAETCS_€r0 OTPEe3KOM.

IToxkaem, dro A, = A man B, = B. ]leficTBETeIbHO,
nnage A, = A [a°], B, = B[t°] = A [a°] nogobro B [¥°].
Ho rorga a° = A, = A [a°], 310 HEBO3MOXKHO.

B cayuse A, —A Gyner | A | =By |<|B], a s cny-
2ae B, = B 6ypmer| B,| = | A, | <] 4| Y. 1. &

CanegcrBume. Jwboe 0sa 6nosHe yYnopadoueHHbL
MHONCECTNBA CPABHUMBL NO MOWHOCU.

3damevanme. Ilycts A u B BononHe ynopsAmodeHH.
Ecmn |A|=|B|, 7o |A|=|B|. Ecm |4]|<]|B]|,
To | A | << | B |, npudeM He MCKJIOYeH U CIyJald paBeHCTBA.
IlosToMy MommocTsr HaM mpefcTaBiaseTcs OGoxee rpy0boit
Mepoi, 9eM [JIWHA.

3 apgaga. B awo6oit cucreme oZ = {A} BIONHE YNOPAMOYEHHHX
MHOKECTB A mMeeTcsa camoe KODOTKOe. ,H.OK&B&TL.

Pemenne. BosbMem 4,Eo%. Ecin 4, — KpaTdaiimee, TO BCe
Hokrasamo. Eciin sxe 3T0 He Tak, T0 BesAKoe A € oZ ¢ pamnoii |4, [ <[ 4o
OOf00HO HEKOTOPOMY OTpesKy MHOKecTBa A,. Cpef:m TaKEX OTpPE3KOB
€CThb MUHMMAaJIbHHI W MHOKECTBO A,, NOPOKJAlomee ero, ABJIAeTCH
KpaTdafiminM Cpefiu 3JIEeMEHTOB o%.

CanemcrBue. Cucmema 8noare ynopadouewHuT MHO-
JHeCme nonapHo PA3AUNHBLL OAUH Cama 6noaxe YnopadoueHa
no daume COCMABAAIOWUL ee MHOHCECTMS.

Broosnme ymopsagoieHHOe MHOKECTBO JETKO YAJIUHHTH, NO-
0aBEB K HeMy eme OJUH LOCJENHHUH sneMeHT. Eciam mmeercs
HECKOJBKO BIOJHE YHOPAXOYEHHHX MHOKECTB, TO MOKHO
IDOCTPOHMTH MHOKECTBO, KOTOPOE [ITEHHEe 3aJaHHHIX. JTO JETKO
mOJNy9aeTcsi W3 HIDKECHeLYIOme:d TeopeMH.

Teopema o BepxHe# rpann Jat cucmens
A = {A} enoane ynopadouennsx mHoxmcecme A Haiidemcs
makoe enoane ynopadouenrnoe B, umo

(Va4 (41<IB]) (1)
(Vo BIAs A) (| A|>]| B [b11])- @)

HorxasaTeanscTBo. MruomectBa A MOXKHO cum-
TaTh HeHajderaomumd, mHade Kaknoe A = {a} MH saMeHEM
OKBHBAJEHTHHM eMy MHoxecTBoM A* = {(A, a)}. Bnegem
S= | 4 o BcemM 4 = A.

dneMenTH a, = A, 7 a, &= A, MHOKecTB A; m Ay, u3 A
oTHECEM K OAHoMY kuaccy b, ecam | A, [q]] = | A4; la,]|.

99



Takum 06pasoM, KasKAIHE diIeMeHT § & S OfHO3HAYHO OMpe-
jexasieT MHOKecTBO A = s m Kiace b = s.

MnuoxectsBo B = {b} Bcex KiIaccoB b ymopamoIAM
npaBmaom: b, < b, B B, korga

I 4;[ad]| <l 4slaq] | mna by a4, 1 byS e 4,.

Kaxwe mpu 3T0M GepyTesd a, ¥ a, u3 b, u b, 3meck, pasymeercd,
0e3pasImIHO.

Herpynao mpoBepmTh, 4To Kapumii orpesok B [b]l momo-
6es A lal —gaa a=b u A = a. Orciona BHTeKaeT, 9TO
B BuojHe yHOPAOYEHO H YHOBIETBOpsAET yciaoBmio (2).
Ho m moGoit otpesox A [a]l mmomectBa A = A mopoben
B [b] pna b = a. Hosromy Bumoamserca ycuosme (1), m
TeopeMa A0KasaHa.

3damMeganme. [auAn BoolHE YHOPAXOYEHHHX MHO-
yxectB KamTOp HasHBal TpPaHCOMHATHHIME ddcIaMu (HIH
tpancpumamramMn). Mw He ompemenseM NOHATHS IJAWHH, a
rOBODHM JIMOIb O PAaBeHCTBE [JIMH MHOKECTB, O TOM, 4TO
[JIAHA OfHOT0 MHOKECTBA MEHBINe JJIMHK APYToro U T. I. ITO
u36aBisieT HAC OT HEKOTOPHIX JOTHYECKHX 3aTPyRHEHHA.

§ 4. Iloerpoenne MuOxecTBa ciaeAyiomel MOIIHOCTH

Bynem roBopmts, 9T0 MHOMecTBa A m B BIOJNHE ymops-
noTemiII CYIECTBeHHO pas3HHMHE cmocobamm, ecam | A | =+
| B

Teopema. Ilyemv A gnoane ynopsadoueno, u T ecmd
MHOHCECTEO CYUWECMBEHHO DPA3HBLL *) cnoco608 énosne ynopa-
douumdv nodmrnoncecmea A. Tozda mowmocmv T nenocpedem-
6eHHO caedyem 3a mowrocmvio A.

IIosacnenue. Teopema yTBep;xpmaer, 4ro | lLTI H HG Cy
mectByeT B, gua xoroporo |4 | < |B| <|T|. Ech aMm d)opuynn
POBKa TEOPEMHl Ka)KeTCs CJMIIKOM O0OmeH, MokeTe NpHHATh A =
={1<2< ..}, mn rorga T Gymer NepBHM HECYETHHIM MHOKECTBOM.

HoxasatreasctrBo. I = {t}, rme ¢t — cmocob
BIOJHE YHOPAROYHTH HEKOTOpoe mopmuokecTBo A; T (f) —
Kaxkoe-HHOYQh MHOKECTBO, BIOJHE YHOPSN0YEHHO® IO CIO-
coby .

*) dopManbHO, 37€Ch CHOCOG BHIOTHE YHOPAAOYHTb — ITO Kjacc,
COCTOAIMUHA M3 BCEX MOJAMHOKECTB A, BOOJIHE YIOPAROIOFHEIX 0 OfHHA-
KOBOH JITVHEI.
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MuosxectBo T Mm ymopspounm, HPHHAB

t <ty ecmm | T ()| <[t ()]

m T craHeT BIOJHE YIOPAJOYEHO WO IPEAHymel Teopeme.
Hama O6amxaiimas meis —
mokasaTh, uro (pmc. 5.1) 7

4(’6\
lc®i=17)] P
opu Beex t <= T.

3nech, mamomunM, T [t] — o1-
pe3ok MmoxkecTBa T, a T (f)—

mogMHOKEecTBO A, BOoiHE o . >
YIOPAROYEHHOE IO  CIOCO- z
6y t. Puc. 5.1.

Moscmernusa. Ilycrb A =0, Torga cymecTByeT JUIIb OIHO
BIOJHe YIOPANOYEHHO® MHOKOCTBO, MABJAIOIEECA IOAMHOKECTBOM
A — nmenHO 0; 3paumT, I = {f,} COCTOMT W3 OFHOTO DIEMEHTA f, B
T(t) =0, Takuro | T[> 4.

IMyerte A = <2< 3). Torga T = {tr < t1 <12 <13}, Tre
() =0, T()={1}, ) ={1<2} ) ={1<2< 3} &
cuoBa | A | < | T |. Bubop Mmosxects t (f), pasyMmeercs, IPOU3BOJIEH.
Moxa0 GHa0 B3ATh 7T (4) = {2}, mmm 1(t;) = {2 <1< 3}, ammsb
66 T (%)) Owmo mycTo, T (f,) COCTOANO W3 OJHOTO DAEMEHTa W T. R.

Ipucrynum & RokasateasctBy paserctsa | v (f) | =| T [¢]].
Ilycrs t' — munmmansEbin  saemeAT I, [iIA KOTOPOTO
I @)] aEJl T [¢']|. BoamokHH clefyomume fBa CIydas.

)= @) <] TI[#]|. Torma =« (t') momobo oTpesry
muoxectsa I [t'] m cymecTByer t” << ¢/, maa KoToporo

Ie@) =17 1]
Ho t"<¢', smawmr, | T [t"]| =] 7 (¢")| Torma
IT@OI=IT 1 ==,

9T0 HEBO3MOKHO s t' == t".

2) |t @) | >|TI[¢]]. Torma T [¢'] momobuo HeroTOpO-
MY OTPE3KY T, MHO;iecTBa T (I'). ITO T,— €CTh HMOIMHOKECT-
B0 A, BUHONHE YHODPS0YEHHOE ONDPEENEHHEM 00pasoM.
3naumr, cymectByer ¢” Takoe, uTo | T, | = | (t")|. M rax
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KaK ur(t”)ll—lr*ll—llT (1] <[|z()], T0 "<t
CnegoBareasro, |t (t") | = | T [t"]|. Taxum oGpasom,

1T =T 1],

9TO CHOBA HEBO3MOMKHO Huas ¢ == t".
Pasenctso | 7 (¢) | = | T [¢] | noxkasano pus Beex ¢t = T.
A BponHe ymopAno4YeHO, Tak 4To cymectsyer ¢ = T,
mas xoroporo |t (¢') | = |4 |. 3naumr,

[AI=1T[#1] = |A]=IT#1<|T]
Ecnm 61 |A | = | T |, To B3aHMHO OJHO3HAYHOE COOTBET-

crBue A m T pocraBisano Gs BOOJHE YIOPAKOYEHHOE MHOKE-
ctBo A” (H3 >7eMeHTOB A) monobuoe I'. W nna mexoroporo

t"= Toamobu ||t ()| =|A"|. Hortorma | T | =|A"|=

= |t (@) |=|T [t"]|, aro mHeBoamommo. Hrar, |4 |<<
T |.

Ecnm, makomen, |4 |<|C|<|T|, To |C| = |T"]|, toe

I'<T. Torpa ambo |T'|=|T| = |C|=|T"|=|T |, ambo
1T |=1T '), m orma [C| = |T"| = |T [¢']| =7 ()| = | 4],
rne A'C A. 3maumr, |[C|<<|A| Y. r.p

B wacrHOCTH, OTHPABIASACH OT CYETHOTO MHOJKECTBA O,
MBI II0JIy9a€M IePBOE HECIeTHOE MHOKECTBO N, (Ha3rBaeTcA—
ajged opmH). N; — 5TO MHOKECTBO CYIMIECTBEHHO Pa3HEIX CIO-
co00B BIOJHE YHOPAMOYHTH CYETHOE MHOKecTBO. Mim (4T0
TO K€ CaMoe) MHOKECTBO KJIACCOB BIOJIHE YIOPAAOYCHHHX
KOHEYHHIX ¥ CYETHHX MHOKecTB pasamdgHoir puames. Ilo-
CKOJIbBKY KJIACCOB KOHEYHOH IJIWHH HMMeeTCA JHMmb CICTHOE
MHOJKECTBO, TO OTOpDAcHBaHHE MX He MEHAET MOITHOCTH ;.
IToaToMy mHOTIa TOBOPAT, 9TO HEPBOE HECIETHOS MHOKECTBO —
9TO IOJHKIH HaGOP CYCTHHIX BIOJIHE YIOPAROICHHANX MHOKECTB
Pa3MAYHOA AJIWHH.

3apgayga. Iyers ay, a,, ,.. — (cCyCTHAA) MOCTELOBATEIHLHOCTH
aneMeHTOB ¥,. Torma cymecTByeT a &€ §,, Taxkoe, 4To 10606 ap < a,
T. €. §, He mMeeT CUETHON KOHQMHAJIHLHOU IOCJeOBATEeJIbHOCTH (CUeT-
HOH IIOCIE0BATEIBHOCTH, HEe OI'DAHHYCHHEOH KAKUM-IAGO 57IeMEHTOM
MHOKECTBA §,). [lokasaTh

oo
Pemenmne. PaccMorpnm A = uj ¥1[a,]. MEO)KECTBO A COB-

najaer ¢ X1 MR ABJIAETCA €ro OTPE3KOM (n60 u<l v E A BreueTu & 4).
Ho A cueTno. 3HaguT, A €cTh HEKOTOPHI 0Tpe3ok K1 [a] u awboe ay, < a.
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§ 5. TpascdpmarTHAA MEAYROEA

1. HprEOAN AHKYKOHHA.

1.1, HamoMHmM mOCTynaT WHAYKNWA Mas paga o = {1, 2, ...}
HaTYpaJbHKEX 9ACEIN.

Ecau

(1)1EBu

(2) sz kamdozo nE © usa nE&EDB caedyem nt+1€EB,
mo ® & B.

Caosxernne 3nech ynorpebaserca He IO CYmECTBY u BMecTo n 4 1
MOKHO mucaTh n*, 0603HaYasd TaK BEMEHT, HOMOCPEACTBEHHO CIIELYIO-
muit 3a n. VYcaoBua 1) m 2) MOKHO OOBOIUHATD: ecau 048 Kaxdozo
nE o

us (k € B npu ecez k< n) caedyem (n € B), mo o & B,

B sToM ycaoBmm GopMaibHO copiepuTca ycaosme (1), mbo mpm n = 1
HaTypaabHHX k< n HeT m TpeboBaHme «Bce k < n comep:karcsa B By
BHIIOJHEHO; CJlef{0BATeJIbHO, YACI0 n = 1 JO/KHO BOATH B B.

KHoBETpoanbHOe yHmpaskHeHue. Haiigare omubry B
HIDKECHIeYIomeM paCCyKIeHNH.,

IHapagoxc B. Pacceuaxa. Bee wucaa paswes Meady coboii.

JoxasaTeuxbcTso. Ilycts B cocTouT m3 TAaKAX HATYpajb-
HHIX 7, 9T0 TI00He n 9ACed ay, ..., 4, PABHH MexAy co6oit. Torma 1 €58,
n60 mi06as rpymna ms 4-ro 94mcia COCTOMT W3 PaBHHX gmcen. [ycmy
n € B. BossmeM nio0kie n - 1 9mcexn ay, ..., ap41. OGpasyem ase rpyn-
OH @y, ..., @, € G2, ..y Gp4q. [JOCKOIBKY KaMKJasg IPyINIa COCTOUT U3 1
9HCEe, TO, N0 NPednoA0HERUIO, Gy = A3 = ... = Ap U dg = ...= ap =
= @,4;. CuenoBaTenbHo, a;=a;, = ...=a, = a,4; B n+ 1EB.
3maunT, ® C B u a100ke n 9uces paBHKE Me;KAY c060H.

3amMevanue 1.3agacTyo Opm AOKA3ATONBCTBE IO HHIYKIUHA
MHOKECTBO B (HATYpPAAbHHX n, 006JaJal0MuX HY;KHHM CBOHCTBOM) He
YIOMWHAOTCS, a MOApasyMeBaeTcsi. B 9TOM ciydae cmepBa IpOBepAIOT,
4TO JKOKA3HBaeMOe yTBepD)K[eHHe BepHO upm n = 1 (T. e. 9ro 1 € B).
3aTeM DpOBEPSIOT, 9TO €CHH YTBOPKMGHWE BOPHO A n, TO BOPHO A
n + 1 (7. e. uT0 n € B Buever n + 1 € B).

3amMeuanmme 2. OGe mpuBefeHHES (OPMYIAPOBKA HOCTYAATA
WHAYKOEA 9KBHBAJMCHTHH I pAfa o. Ho mpa 3aMeHe @ DpOH3BOJIBHEIM
BIOJIHE YIOPAOYEHHKHM MHOKECTBOM A mepsas (OpMyanpOBKA CTaHO-
BuTCcA HeBepHOH. Ilycrs, manpnmep, 4 = {1, 2, ...; p}, B = {1, 2, ...}
Torga 1 € B, u upu n106oM a € A us (a € B) caepyer (¢t € B). Ho
B 2 A.

12. Teopema wmwaayknud. Ilyeme A = {a}
enoane ynopadoieno u B — awboe muoncecmeo. Ecau 0as
kawdozo a = A us (Va' <a, a' € B) caedyem (a = B),
mo A < B.

HNorxaszareasctBo. Ilpegmomosxmm npormsHOE,
M IOyCTh 4 — HepBHiA snemedT A, He npuHaiIe:Kamui B.
Torga

(Vo' < a)(a' =B)
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(masxe B ciydae, KOorga ¢ — OepBEE dieMeHT U3 A U BJIEMEH-
T0B ¢’ << ¢ HeT) W, 3HAYAT, a & B, Bonpex: BrGOpy a. Teopema
HOKasaHa.

B o p 0 c. Mu ffoKazanm TeOpeMy MEAYKIWH AIA A000T0 BHOJHE
YHOPANOYeHHOro MHO:kecTBa. IlogeMy ke I HATYPAJBHOrO PAMNA 9M-
cex ee MPHHIMAIT KAK IOCTYnaT?

O T B e T. [Ipm aKCAOMATAYECKOM OIIPENIOICHAN PSAAA HATYPaJbHEX
gmrcen (mpemnokeEHOM Ileamo) MOKa3aTelbCTBO HMOJAHOA YHOOPANOYEH-
HOCTA 3TOTO Psfia MPOBOXATCSA C IIOMOMIBIO IOCTYJNATA HHAYROHA (5-T@
nmocrynaTta Ileamo).

2. locrpoenre Mo MHAYROAN HA BHOOJHE YIOPALOYEHHOM
MHOKECTBE Maji0 OTAMYAeTCA OT HOCTPOEHHA N0 MHAYKIWH
Ha pAfe HATYpaldbHHX gucex ®. OnHAKO yKe IPABHIO IO-
CTPOEHHSA N0 HMHAYKOMA HA  (GOPMYJIHpPYeTca HOBOIBHO
CJIO0KHO, €CJIM ero M3JaraTh aKKypaTHO. VI HOCKONBKY mo-
CTPOEHHO [0 HHNYKOUH ynoTpeGiasercsa MisA MOKa3aTeIbCTBA
OPUENUNEAJBHHX TEOPEM, MH BHIACHEM BO3HEKAWOIIHE 3a-
TPYJHEHHA W NafguM o0myo ¢opMyImpoBKYy mpaBmia. dmra-
TeJb BOJEH OLYCTHTH ONHCAHHe TPYLHOCTEHR W cpasy mepeiTm
K m. 2.3, roe maiaaraeTca pemieH@e BOIpoca.

2.1. Haugem ¢ Guryome# (opMynnpOBKH:

©CIH Yy HaC ecmb npaguso JAA TOoJaydeHHsA f(n) IO BEKTOPY
(f(1),..., f (n —1))*) npm awWGOM HATYPAILHOM R, TO BTAM OHpe-
menena eguHCTBeHHas QyEEmAA [ = f(n).

Ilpm nmepeBone Ha A3HK Teoprn QyBROuiA dpasa «y HAC €CTH HpPaBH-
JIO» IOJ’KHA 03HAYATH «3afjaHa QYHKIUA», B BcA HOPMYIAPOBKA HPAMET
BHA:

ecan 3agana OyErmus F(zi,...,2,) **), T0 CymecTByer W efHE=
ctBerHas (yarmmsa f, pus Koropo# f(n) = F (f(1),..., f(n — 1))
IpH BCeX n € .

N TyT BHACHAETCs, YTO HO GHJIO YKAa3aHO, AiA KAKHX apTryMEHTOB
sagjano F. Ecan morpeGoBath sapamua F = F (zq, ..., Tp-1) KA 37e-
MEHTOB zy J000# HpApPOAH, TO BTO 3ATPYREAT 3aJAHEe H DOJyUCHHe
cBoicTs f. Ecan xe moTpebosaTh 3afanmsa F T016K0 HA BeKTOpax (f(1),...
ooy f (n — 1)), TO mpEOeTCSH 3apaHee NOCTPOHTDh GyHKNWIO f (n), HE HONL-
3yACh HHAYKIHEH. :

Brixop n3 3aTpyAHEHNA MOKET OHTh HAA[eH B TOM, 9TOGH MHOKECT-
B0 @ = {@}, Ha KOTOpPOM oOmpepeneHo F = F (@), COREP:KAaN0 BEKTOPH
(0), (F (8)), (F (0), F (F (0))), v.., HO MOTJIO COJICDPKATH H JPYIA€ BEK-
TOpH.

*) B ToM umcne m mO mycroMy BeKTOpy (6), KOTOpHIl momydaercA
npE n = 1.
*#) OT BEKTOPOB Da3JHYEOrO 9@CJA HMBMEPeHHi n,
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Torpa mpaBmIO DPEMET CAGNYIOIHN BHA:

Iycmv F onpedeaeno na @ = {@} u ydosscmeopsem Ycaosuam:
(1g ITyemoii sexkmop (0) € O.

(2) Ecau 0as nexomopozo

Q= (2 ..r Tn) (n =1, 2, ...),
npu awbom k (1 < k < n) 6ydem
() s k1) ED u x5 = F (29, ...y x1)s

mo ¢ € O.
B makoxm cayuae cyyecmeyem u eduncmeenna f, y xomopoii

fm)y=F F ), .., f(n — 1)) npu écez n € o.

K poxasaTenscTBy MH mpucTynuM mosxke. Ceifgac cmenaeMm fgpa sa-
MmedanuA. Yciaopre (1) popmanbHO COfep:KUATCA B ycnoBuu (2) npan = 1,
KOTHa (Zy, ..., Zp_1) = (0) m gmcen k (1 < k < n) He cymecTByer. [Jla-
mee. IlpuBefeHHO® YCIOBHE [Jjisfi NOCTPOEHHS IO HHAYKINH 33BELOMO
BHINOJIHAETCA, ecau P COCTOMT M3 BCEX BOKTOPOB @ = (Zy, ..., Z,,),
06pa30BaHHEIX BJIeMEHTAMH Z); HEKOTOpPOro MHOkecTBa X u F (¢) € X upn
KamaoMm ¢ € 0.

2.2. Ilpn WBAYKTABHOM IOCTpOEHWH f (¢) Ha BIOJHe YHOPAHOYEH-
HOM A = {a} BO3HHKAeT 3aTpyAHEHHe, CBS33aHHO® C TePMHEHOJIOTWEH.
Oysxouio F = F (¢) OpuxOguTcsA OIpefieisaTh HO HA BEKTOpPAX ¢, a
Ha QYHKOAAX ¢ = @ (@), 3aJJAEHHX B TOUKax o 0TpeskoB A [a]. IToge-
My OH BMECTO 9TOTO HO B3ATh CaMH SHAYEHHA @ (&), YIOPAAOYCHHES B
mopspKe aprymenToB of I1oToMy, 9TO Heab3sa 00PA30BHBATH MHOMKECTBO
H3 OJMHAKOBHX 3JIEMEHTOB, KOTODHE MOTYT BCTPETHThCA cpepd @ (o)
Ipu PasHHX O.

BumecTo 5T0ro mEOTKa Ha3KBAOT QYHKIAIO ¢, OIpefeeHEyo Ha 4 [a],
mpanchunumnoii nocaedosamesvrocmyoio (0600IMIeHHE MOHATAR BEKTO-
pa u mocaeoBarenbuocta) AauHH || A [a] |, u aTAM HeckonbKO 0Gmerda-
0T A3HK N3IO0MKEHH.

23. Teopema. IlocTpoenne no HHAY K-
nnu Iycme ® = {(9, a)} — wabop Pynryui @, onpede-
aewnux na ompeskar A lal enoane ynopadouennozo A:

(¢, 2) = {(0, @ (2) ;0= 4 [al},

u F = F (¢, a) onpedeaeno na ®. Ecau 0aa awbvix a u ¢
na A la

us (Vo <a) (¢ () = F (9, @) caedyem (¢, a) & D,
mo wa A cywecmeyem u edurncmeenna f, 048 Komopoi
f(a) = F (f, a) npu kamdom a = A. (1)

HoxaszarensbcTBO €eIMHCTBEHHOCTH.
HouycTam, 9T0 KpoMe f CymecTBYeT eme g, YI0BIeTBOPANIAL
YCTIOBHI0O TEOPeMH, W a* — IepBH 8JIeMEHT A, Ha KOTOPOM
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f (a*) == g (a*). Torma
f(a*) = F (f, a*) = F (g, a*) = g (a*),
BOIIpeKA BHOOPY a*. ENHHCTBEHHOCTH JOKa3aHAa.
JdoxkaszaTeasbrCTBO CymecTBOBAaHINHA.
ITycrs b &= A TaroBo, aro Ha {a:a < b} cymecTtByeT QyHK-
oA f, BAA KOTOpOH

(fpya)=® =7 fy(a) = F(fy,a) upm rampom a<_b. (2)

Ecam b’ << b, To b’ Tome obnamaer stnM cBoiicTBOM. IlosTomy
paccMaTpuBaeMeie 3JeMEHTH b o6pasyioT MHOmecTBo B,
paBuoe A nim A [a°]. Boxee Toro, mo y:xe Joka3saHHOH eNHH-
cTBeHHOCTH QYHKIWH f, Ha {a:a << b}:

fo(a)=fer(a) mpm a<b <b"=B.
Ilonwaysice atmM, ompemenum Ha B ¢yurumio f (b) = f, (b).
Haa mee
(f,b)=s® u f(b)=F(f,b) unpu ramaom b=B. (3)
Ecin B = A [a°], manpumep B mycro, To
(£,0)=® =» f(b)=F (f,b) upm rammom b<a.

Ho Torma, mo ycuaosmio teopewms, (f, a’) = @. {oonmpeneaum
f(a® = F (f, a°). Teneps f onpenenena Ha {a:a < a} m

(f,e)=® = f(a)=F (f,a) unpm ramagoM a<<ad.

Ciaemosatensno, a’® &= B = A [a°], uro meBo3MomxmO. 3HA-
qntr, B = A m yciuoBme (3) coBmagaeT ¢ JOKA3HBAeMHEM YC-
aoBmeM (1).

3aMeuanue. IlogesHOCTs TeOpeMH O MOCTPOEHHW IO UHAYK-

ouu B TOM, 4T0 @ MOxKeT [isA KamKaoro a € A copepaTh MHOTO Iap
(¢, a) ¢ pasEEMI @.

CanepgcrBume. Ilyemv A u B — muoncecmea, A enoa-
re ynopadoueno. Ilycmv F = F (@, a) onpedeseno s aio-
6020 a € A u awboit Pynkyuu @, sadannoti va A [a] u npu-
rumaoweldl snavenus @ (a) & B npu a < a. Ilycms, nako-
rey, F (¢, a) & B 042 Kancdoii napw maxux ¢ u a. Toeda
Ha A cywecmeyem u eduncmeenna Pynryus f, y Komopoi

F (f, a) onpedeaeno u f (a) = F (f, a) 048 kancdozo a = A.

9TO CcAefCTBHE SABIAETCA YaCTHHIM CIyd4aeM Mpeslymei
TEOPEMHl, AOCTaTOYHHIM [ifA npmiaokenwi. KEcam dopmynn-
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poBra TeopeMii mokaszamach Bam crimmrom i‘pynnoﬁ, TO HOKA-
JKATE CaMOCTOATENBHO «CIeiCTBUE», PYKOBOACTBYACH [OKAa-
3aTeJNbCTBOM TEOpPEeMBI.

ITocTpoeHne 1Mo MEAYKIWE ABIsETCA HeOOXOAMMEIM PaGo4YmMM amma-
paToM Teopuu QYHKIHAMA.

OmpepennM, [as mpuMepa, IO WHAYKOHHA f (n) Raf BCeX n € O,
mojiaras:

F)=1,1@2=2,f(n)=f(r—2)+ f(p—1) mpr n>2.
Tem caMuM f (r) ompepeneHo Jus Bcex n € ®. JleficTBHTenbHO, 37€Ch
F1)=1,F(9,2)=1 F (pn) =¢(rn—2) + ¢ (n—1),

n ¢pysrnuio F (@, n) MOKHO cYMTAaTh OHpefejeHHHOA HA {(P, n)} = @
npu JI00HX JeHCTBUTONLHHX (GYHKuHAX @ (k) HATypaabHOTO apryMeH- |
Ta k, u6o Torma F (@, n) — TOKe medCTBUTONIbHOE YnCa0. M0OKHO B Ka-
gectse ® = {(q, n)} B3ATH @, IPUHAMATONINE TOTHKO HATYPAJIHHEE 3HA-
genns. Ho MoKHO OHI0 HakoHer canTath F (¢, n) ONpefeseHHLM JAOIb
oaA caMoi mociaepopaTtenbHocTH Pumbomavum 1,1, 2, 3,5, 8, ..., ecan
GBI MH 3apaHee HANLIM €6 YIEHH.

3. B npuiosermAx BcTpeuaeTcA W IIOCTPOEHHE II0 He-
IOJTHOW WHAYKIWH, KOTZA MOCTPOEHHE MOKET (WM [OJKHO)
obopBarhes.

Teopema. Ilyemv F = F (9, a) onpedesena 0as
ecex (9, a) = @ (no Hukakux Goaee ycaosuii Ha F u @ ne
naaonceno). Tozda Halidymea muomcecmeo Ay, pasnoe A usu
A [a'], u Ppyrryus f = f (a), maxue, umo:

(1) ITpu awbom a & A, dynryus f(a) onpedesena,

(f, ) =@ u f(a) = F (f, a).

(2) Ecau A, = A [a°], mo (f, a°) & D.

(3) Ycaosuamu (1) u (2) muomecmeo A, u Pynkyua f
onpedeserst 00HO3HAYHO.

IlokaszaTeabcTBO €EMHHCTBEHHOCTH.
ITyers ycunoBusam (1) m (3) ymoBuerBopsior (44, f) u (By, &)
", fasa ompepexesHoctn, A, & B;. Torga f= g ma A4,,
u6o B mepBoii sxe Touke a’ = A,, rae f (a’) = g (a’), 6u0 61

f@)=F( a)=F(g a)=gla)
Manee, npu A, — B, 6ymer A; = 4, [a’], s =B, n
OB (f,a%) = (g,a) =D,

9T0 HeBo3MokHO. CaemoBsatensno, A; = B,, f = g u egun-
CTBEHHOCTb OKAa3aHa.

HokaszaTeaxbcTBoO CymecTBOBAHI HA.
IIycrs X, comepxmt MHOkecTBo 3HaueHmir F (¢, a) piag
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(p, a) = &, muoskecrBo sHauenmit ¢ (@) AIa a << a npn
(p, a) = ® m eme ommu onement p. Yepes @, = {(¢, a)}
0603HaYAM MHOKECTBO Bcex (¢, a), ompemeneHHbXx Ha A [q]
g unpuEAMaom#Xx 3Havemna u3 X,. flcmo, aro D= @,
lipogommum F na @; dyHrnueir F,, momaras

Fi(9,a)=p naa O, = (9, a) £ D.

ITonyuenawe F; m @, yRoBIETBOPAIOT YCIOBHAM AJIA MOCTPOE-
HAA 00 MHAYKOUME H oumpefeasiT Ha A ¢yHKmmO f;, ¥ Ko-
TOpo#

(f, a) = @, 1 f, (a) = Fy (f, a) pna xaxmoro a & A.

ITonowmm A, = A, ecim f, He DpPUAAMAET 3HAUEHHA D, H
A, = A la°], ectm a° — mepBHii 5iIeMEHT, HA KOTOPOM
f(a®) = p. O6osnauas wepes f cymenme f; Ha A,;, EMeeM

f1 (@) = Fy (fy, a) 5= p npm a  4,,
(f, ) =D 1 f(a) = F (f, a) upn a = 4,.

B cnyuae 4; = A [a°] ﬁyneT f1 (a®) = Fy (f, a°) = p m,
3HAYHUT, (f’ a) (fls a ) $

VuopajkHeHue. JJokaKuTe HONOCPEACTBEHHO Teopemy O IO-
CTPOEHWH IO HOMOXHOH MHAYKIMHA U HOJydYuTe H3 Hee TeOpeMy HmOCTpo-
eHHs II0 HHAYKIHUA.

§ 6. IlocTyaar BRGOpa M TeopeMa O HOJXHOM YHOPAXOYEHHH

1. Hoerynar BmGopa. Ilyemv A = {A} — cemeiicmeo
nenycmux Henaaezaowuzr muomecms A = {a}. Toeda cy-
wecmeyem mHoxcecmeo B, codepamcawee us kawmdozo A = A
mouro no odnomy ssemenmy (9. Llepmerno).

ITOT mOCTyJNAT HENb3sA HHE J[0KA3aTh, HA ONPOBEPTHYTH,
OONB3YACH OCTAJNBHHIME IOJNO)KEHWAMHA TEODHA MHOIKECTB.
WM Teopemsl, foKa3aHHHE C €ro IOMOMBIO, HEIb3A OHPOBEp-
TEYTh. 371€Ch H jjajee B aToM maparpade Msl GyfeM HOIb30BaTh-
cA mocTynatoM BrGopa.

2. Ilycrs I = {i} npouseoavro u Kancdomy i coomeemem-
eyem mHoncecmeo A, (mak umo A, mozym nasezamd u daxce cos-
nadamyv). Tozda na I cyu;ecmeyem Pynryua ¢ (i) E A,.

ITocne porasaTenbCTBA BTOTO YTBEPIKACHHA MH 6yneM Ha
HEro0 CCHUIATBHCA, KaK Ha mOCTyJdaT BeOopa (xora mo dopme
9TO YTBeP)K[eHWe M HECKOJbKO IHpe IePBOHAYAIBHOE (op-
MYJHDPOBKH IOCTYJXaTa).
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Hoscuenmne. [Iycts o = {A} — HerOe MHOKECTBO Hemepe-
cexawmuxcsa naTepBanos 4. Torga BHOOP MOKeT OHTh OCYIIECTBICH I
6es mocrynata IlepMeno — MOKHO BHOpaTh UEHTPH mnHTeppanon 4.

Ho mycrs o = {A} u Kampoe A cOCTONT 3 BCEX TOYEK NpPAMOM,
9bi (DOHApHEIE) PACCTOSHII paruAOHANbHK. TOrga M HE yMeeM 33JaTh
npasuio BHOOpA, U AJsA IOCTPOEHWA B HY;KHO BOCIOJIb30BATHCA IOCTY-
natom Ilepmemo.

DorxasaTteasncTtso. Jlasg noctpoenus ¢ obpasyem
CTaHjapTHHIE 3AMEHUTENH

A; = {(lv ai)}

muoxecTB A,. Ilpumerus k A, moctynar Bmbopa, moayduMm
ma I ¢ymrmmo ¢ (i) = A; u Donommm

¢ (i) = a, xoap cropo Y (i) = (i, a).

3. Teopema (9. Lepmemo). Kamdoe mroncecmeo
MONCHO 6NOLHE YROPADOHUMDb.

Moscmernne. Ilycte M = {m} — 3ajanEOe  MHOKECTBO.
Mycts &P = (P} — MHOKECTBO W3 BCEBO3MOMKHHX HabopoB P =
={m’, m"} map (m’, m"”) ameMenToB m’, m” MHOkecTBa M.

3adurcupyem P &€ &. Ecim P yHOBIeTBOPAOT YCAOBAAM YyHOPAMNO-
qenns (HanoMHMM uXx: (1) mp: mo6oM m mapa (m, m) & P; (2) ecnm m’ &
m” — pasamYHEeE 3JIeMeHTH M, TO OfHA W TOJBLKO OfHa W3 map (m’,
m”) uan (m”, m') BxogurB P; (3) ecam(m',m")EPu(m”",m") E P, 10
(m’, m'""Y& P), 10 P paeT BO3MO)KHOCTb yHOPAROYETH M (Hojaras
m’'<m” opm (m’,m")e& P). Ecan npu sToM M OKasKeTCA BIOJIHO YIO-
PAROYEHHHM, TO FOBODAT, YTO P BIOJHe ynopsapodmsaeT M.

TaxnM 06pazoM, ¢ HANBHOX KAHTOPOBCKOA TOUYKH 3PEHAS MHOKECT-
BO M MOXXHO BIIOJHE YIODSAAOYNTH, €CIW BO MHOMecrBe JP = {P}
CymecTByeT sjaeMeHT P, 06aafaomuii (BIOJIHe ONpe/eleHHEME) CBOMCT-
BAMH, W HeJb3sA — €CIH TAKOro 9jeMeHTa HeT. M TeM He Memee 6es mo-
crysara BHGOpa HEBO3MOKHO PEIINTh, CYMECTBYeT HIA HET B J° Takoi
ajemMeHT P.

HoxaszareaxsctBo. Ilyete M = {m} — sagan-
HOe MHO)KecTBO. llonm3ysch mocTyiraToM BEHOOpa, OTMETHM
B K@KAOM €ro HEemycTOM HOAMHOKecTBe W C M oieMeHT
m = f(n). Paccmorpmm cucremy A4 = {A} Tex HemycTHX
A C M, xoTopsie MOKHO BIOJHE yIopAxouuTs. Ilo Teopeme
0 BepxHei rpamd (cM. § 3) cymecTByeT BOOJHE YHOPAZOUEH-
goe B pammwm ||B|| > ||4|] moboro A = A.

Ompepenrmm B B = {b} ¢ymrmmio g (b) & M, monaras
o0 WHAYKIAHA

g (0) =f (M {g (®): b" b},
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rorfia apryment y f( ) me mycr. Ycaosua mocTpoeHds 1o
HemoJNHO# WHAYKnum BoimonHensl. (DyHKIHWA g ompepneneHa
Ha C, ABIAKMEMCS KAaKMM-HEOYIb OTpe3KoM MHOkecTBa B
win Bcem B. 3uauenus g (b) Ha C momapHO pa3IMYHH:
ecnm V' <<be=C, To

gy (M {g®): b"b}h)Hg ().

MuosxectBo G = {g (b): b & C} ABuseTcA MOXMHOKECTBOM
M @ BuOJIHE yHOPAKOYMBAETCSA B MOPSAAKE CBOMX apryMeHTOB
b B B. Takum obpasom, G &= A.

Bosmoxxes  gBa caysaa |G| =|B| = |G| <<|B].
Ecmz |G| = |B|, To G — camoe JIHHHOe MHOKECTBO B A.
Ho ecim G —« M, 10 MHOXKECTBO G MOKHO YIJIMHHTH 3JI€MEH-
ToMm f(M\G). CnepgoBarensno, mpu |G| = |B| momxuo
6ure G = M.

Ecam e |G| =|B [b°]], To mocrpoerme g (b) oGo-
pBasoch Ha adeMeHTe b = b, mpE KoTopoM

M~ {g®'):¥ <b%} =0 u G=M.

B o6omx cnyuaax G = M m mHOecTBO G mpefcTaBIAeT
co0oii BHmOJHE YHOPAJZOYEHHOe MHOMecTBO M.

3ameuasnu . (1) BusnoxenrsoM foxkazarenberse Teopemn Llep-
MeJIO HCHOAb30BaNNCh 3HAYeHnsA f (p) He Ha Bcex 0 C p & M, a ammb

Ha ocratkax p=M\ M [m]. Takum o6pasom, BHOOp f (p)OKLI IPOBE/ICH
HA MHOMKeCTBe GOJbIIeH MOIHOCTH, Y6M BTO OKAa3aJ0Ch HYKHO, IOCIe

TOro Kak Teopema Gsuma moxasama (J{u}| = |2M| >|M| = [{M\ M [ml})).
(2) Ecan mprMeENTH W3JI0}KEHHOE JI0Kas3aTelbCcTBO TeopeMu Ilepmeno K
BIIOJIHE YIOPSAKOICHHOMY M, OTMOTHB B KAXK/IOM €0 IIOAMHOKECTBe Iep-
BHl 9JIEMEHT, TO MHOMeCTBO M OyaeT ymOpAJOYEeHO B HMCXOJHOM IO-
pARKe.

§ 7. llpmnokenus mocTysiaTa BHIGOpa

C moMompio mocTyiaTa BeIGopa SOKAa3aHH HEKOTOPHE TEO-
peMH, KoTophie Ges Hero /jokasaTh He yfaaiocb. Paccmorpum
HECKOJIBKO IpPUMEpPOB IpuMmeHeHHsa Teopemu Ilepmemno.

1) Beaxme fBa MHOKECTBA CPAaBHEMHL IO MOIIHOCTH,

2) Ias wasmoro muoxectBa A HaiifeTca MHOKecTBO B,
MOMHOCTH KOTOPOTO HEIOCPEACTBEHHO CJEAyeT 3a MOIMI-
HOCTRIO A.

Ilna morasarenncrBa 1) m 2) mocrarodno Bmoxme ymops-
HOYHTH 3a/{aHHEIE MHO)KECTBA H IPEMEHHUTDH COOTBETCTBYIOILYIO
TEOpeMy O BIOJHE YHOPSA0Y€HHHX MHO)KEeCTBaX.
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3) Kasmoe MHOXeCTBO MO)KHO BHOOJHE YIOPAAOIATH
KpaTiaiimaM o6pasoMm.

HeiicteuTennao, sagamEoe A = {a} MoskHO Kak-HEOYAH
BIOOJNHEe YOODPAROYETh. EcCIHm Kax/si ero oTrpe3ok Oymer
AMeTh MOIMHOCTH, MEHBIIYI0 MOIMHOCTE A, TO HCKOMOe MHO-
’KeCTBO HOJAY4YeHO. B mpoTmBHOM ciIyvae HaJJIe;KUT PacCcMOT-
peTh mepBHit aeMenT a, et orpesok A [al mMeer MomHOCTB
muoxecTBa A. 3amermM, uro (B caydae GecxomedHoro A)
MHOKECTBO, YIOPAMO0YEHHOE KpaTdaimmM o6pa3oM, He EMeeT
IOCJIeJHer0 HJIEMEeHTA.

4) ITycts A BmoiHe ymopsjoieHo W A, COCTOHT H3 Tex
5JIeMeHTOB A, KOTOpDHE He HMEIT HEemOCPENCTBeHHO Ipef-
mecTBYOmMEX (B TaCTHOCTH, IEPBHA dJIeMeHT H3 A BXORHT
B 4,).

PaccMoTprM mpOM3BOJBHHIA 2JIE€MEHT a4, & A, H CcIexy-
10muit 3a HAM 2aeMeHT b, = A, (ecan a., He mocaenHmii B A.,).
Torma

Heo <a<lbo}|=]o}.

Ecan sxe a, — mociuensmit saement A,, Ho B A HeT mocief-
Hero sJleMeHTa, TO I

l{ea<a}|=]o].

CnemoBaTenbHO, eClim A BIIOJNHE YHOPAZOYEHO X HE MMeeT
IOoCJeNHer0 9SJIeMeHTa, TO

| 4] =44 X 0].
5) Ecim A GeckomeuHo, TO

jA|=|A+A|=|AXn|=|4AX o0

.

IeiicTeuTensHO0, BmodHe ymopsmoumM A KpaTYaidmmm
o6pasom m obpasyem A, ms 4). Torna |4 | = |4, X 0|
u

|[AX o|=]4e X0 X 0|=|4, X 0|=]|A4].
6) Ecim A mw A, — mHOkecTBa U3 4) m A, Geckomedmo,

o |A|=|A, | [HeiictBaTensHo, mpmmeHsaa 9) k A,
noxyIaeM

4] =] 4o X 0] = 4o}
11



7) Ecim A OGecromeuno, To |A | = | A% | = | 4™ |

HorxaszareasncTBo. Jlerko Bmiers, 9TO BCerga
|A|<<|A X A|. Ilycrs, Bompekm  JOKa3HBaeMOMY,
|A|<<|]A X A |. Buonge ymopamouum A u 3aMeHmM ca-
MEIM KOPOTKHAM B3 €T0 6ECKOHEYHHIX OTPE3KOB, ¥ KOTOPOr'0 MOII-
HOCTh He PaBHA MOIIHOCTE KBagparta (ecim y A ecTs Tarkme
orpeskn). Takam oOpasoM,

|A|<|A4 x 4],
[Ala]l|=]A[a] X A[a]|
mas awboro Geckomeanmoro A [a] orTpeska Mmomxecrsa A.
3aMeTuM mJiA JaiabHeimero, 4ro B A HeT mocleaHero
aneMenTta. VHave, B mpeqmoNoKeHHH, UTO @' — MOCIETHHIA,
HOTyIEM
|A|=]Al[a']],
| 42| =[(A[a'])’| =|A[']|=|4].
Beenem obosmasenns: A = {a, b, ¢, ...} n P =4 X A

I MHOKEeCTBa BCeX IIap H3 3JEeMEHTOB A. Muo:xectBo P
opeacTaBEM 06’beJIEHeHHeM HeHaJIeraomuX MHOKECTB:

P=|J P, rne (a,b)e= P,, rorga max (a,b)=c.
ccA

Yoopsagounm P. {as storo pacmonosxum P, B mopsgke Bos-
pacTanms c¢. A BHyTpEm ofHoro P

Pe={(c, )} U{(a,0): ale} U {(e,b): e}y

BHadYajle IOMEeCTEM mapy (c, c¢). 3aTeM DacCHONOKHEM Maphl
(a, c) B mopsizke BospacTanus a, Hakowmer (¢, b) — B mopsamKe
Bosdpactanma b. Tem camum P Oyaer BmosaHe ymopsKodYeHO.

CpaBumum paumest A 1 P. Ecim A oto6pasmTca Ha 0Tpe3ok
P [(a, b)], To BossMeM B A 9JeMeHT ¢, HPEBOCXORAMUA a
2 b. Torga monyumtca

||Al|=l|Pl(a, b)]"’ P[(a’ b)lgpl(‘" ol = Afc] X Alel],

OTKYa
[A|<[A[e]l X Alel|=|A[c]| <] 4],

aTo HeBo3Moskno. Ecimoxe | 4 |=| P|,T0| A|=|P|=|4 X 4],
Bomperd Bubopy A,
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8) CymectByer mizoxkectso A Ges ¢oBepilIeHHHX NOIMHO-
JKeCTB, HO IlepeceKammeecss C KaKIHM COBePHIEHHHIM MHO-
sKecTBOM. Jlerko BmpeTh, 9T0 A u ero momoiHenme B Hemsme-
PEMH H Ha KajkJloM MHTepBaje I

B (14) = B (1B) = pl.

Hoxaszareascrtro. Ilyectre M = {P} — mHO-
sKeCTBO BCeX COBepImeHHHX MHO)kecTB P. OgeBmpno, M KomH-
TEHyalnbHO. Bmonne ymopsamoumm M kpaTdaiimum oOpaszoM
® BnoxHe ymopsamoumm P *). B kasxgom P BrGepem mapy To-
49eK ap, bp caegyrommMm oGpasom:

Ecam ag, by BuOpaEn B kaskgoM Q << P, To To9ex BHI-
6pano 2 X M [P] — menpme komTmHyyma. B P ects eme
ge BuOpannHwe Toukd. llepByno m3 mmx 0603HA9EM ap, BTO-
py®o — bp.

MuosxectBo A = {ap} KOHTEHHyaJbHO, HO He COJEPKAT
HO OfHOro cosepmieHHOro P, w6o bp = P, bp &£ 4.

9) CymecTByoT paBe (CYeTHHE) IOCJIELOBATEABHOCTH
OfHO3HAYHHX (yHRIAA

y="ri(x), z=g(@),

rpaduKE KOTODHX HOKPHBAIOT BCI INIOCKOCTE.

10) Camum ypmBuTenbHHIM (HO TPYAHEIM) ABJIAETCA Cle-
AyIOIIAA pe3yiabTart.

Cdepy TpexMepHOro IPOCTPAHCTBA

S = {(z, y, 2): 2+ ¢+ 2> =1}
MOKHO TaK DasGHTh Ha WeTHpe HEHAJIeralImAX MHOMKECTBA
§=38 UG8 USs U Sy

9T0, [IBUTaA HX B IPOCTPAHCTBE, KAaK TBepHALIe Texa, MOKHO
6ymer ms S; m S, cioxurs oxmy cdepy, a ms Sy 1 S, —
Apyryo, mcxomHoro (pasymeercd) pagmyca.

Ecam B aToM mpuMepe Kakayio TOYKy cepH HOIOJIHATH
pagmycoM (ARYIIEM W3 3TOH TOYKH), TO HOJYIATCSA CIOCOD
pazbmenHnsa mapa (C BHKOJOTHM LEHTPOM), Ha JeTHpe YacTH,
H3 KOTODHIX MOKHO Gy[eT CI0)KATH ABa mapa, TAKHX jKe, Kak
UCXORHHIIA,

*) JlocTaTO9HO BIOJHE YNOPAMOYHTH MHOMKECTBO D feicTBUTesb-
HHX 9HCe], TOTAa Ka)kaoe P cTaHeT BHOjiHE YHOPAXOYEHHEIM, KaK IO~
MHO}KECTBO D.
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11) Cymectbyer afintmbhag héimnennasa QyHriods Of=
HOTO neﬁcTBnTeJILHoro IepeMeHHOoro0:

f(x+y) = 1@+ @), 1@ Eca

12) CymecTByeT MHOMKECTBO, HemaMepmmoe mo JleGery.

HorasaTeascrTs o. [ledcrBurensnne dmcaa —1 <<
<z <1 pasobreM Ha B3aEMHO pANAOHAJBHEE KJIACCH!:
z’ u 2" BXOAAT B ONHMH KiIacC, Korma ' — z” PamHOHAIBHO.
ITockonsry oTHOmeHme «x' — z” panEOHAJBHO» 06Iajaer
CBOMCTBAME SKBHBAJ€HTHOCTH, TO 3TO pas0meHme ompepee-
HO W JlaeT HemepeceKkamomuecsa Kiacch. O6pasyeM MHOKECTBO
E, Bn6paB H3 KasKmoro Kiacca mo OfHOM Touke. Ecam z’
z z" BxomAT B E, To z’ — 2" mppanmmonansHO: mWHAYe I’
¥ z” Bomim 6H B 06muii Kiaace m He MOTaE GHTH 06a BHOGpa-
HH B E.

ITpomymepyeMm Bce panumoHANBHEIE TOUKH Ty, Ty, ... OTPE3KA
[—2, +2] m o6o3maunm wepes E, MHOMECTBO 9HCEN I, BHAA
z, =1, + 2z, 1rme r= E.

M=uosxectBa E, Be HaxeraoT, m6o B ciaydae y & E,,
y< E, Oyper

y=2 +rp=2"+4+r,
4 DasHOCTH
2 —a" =r, —r,=50

AByx dHmcen 2z ® z” m3 E oKaskeTcsa panmOHAIBHOM.
Hamee,

]

-1 +11S U E.=[- 3, + 3]

1

HeiictBaTensro, ecam |z | << 1, To 2 BXOOUT B HEKOTOPHIA
KJIacC PAOUOHANBLHOCTE M HaiifleTca Takas Toika z' & E,
9t0 z — z’ = r, paumoHaABHO, mpmiem |r, | << 2. Torma
z=121 +r, = E. C gpyroit cTOpoHH, AaA NH0G60ro z, =
& E, o6yper

[z, | = lx,"l_rn <3
¥, 3HAYAT,
z, = [—3, 43l

MmuoxectBa E, KOHTDYSHTHH H, €CIH H3MEPHME, HMEIOT
onmHaKoBy0 Mepy Jlebera pE, = A.
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Ecaz A = 0, To

pi—1, +11< A pE, =0.
Ecau e A >0, 10

l"[—"3’ +3] = ZuEn = 20.

U 1o m apyroe HeBosMoxkHO. 3HAIHT, 1060e E, — u B JacT-
Hoct E — HemsmepmMmo.

§ 8. Harypaasnsbii psag

Cefitac MH M3JI0KMM AKCHOMH HATypaJBHOTO psAfa H
mocTponM apmmermry. Creramo 310 Oymer cmocoboM mpo-
CTHIM W €CTeCTBEHHHIM [JA HAWBHOM KAHTODOBCKOH TeopHH
muOKecTB. Ho BpsaAn am 5T0 m3xoxxenme obOpapyer ajnrebpa-
HCTA WJIH JIOTHCTA.

ArxcumoMma. Hamypaswwwi pad — smo (Henycmoe)
8noaHe YnopadouerHHoe MHoHCECME0 6ea nocaedneeo saeMeHma,
6 KOmopom Kaxcowii saemenm (xpome nepeozo) umeem Heno-
cpedcmeenHo npedwecmeyrowuii.

1. Mu panex:m oT AOKazaTeabCTBA CYMECTBOBAHWA HATY-
pansHHX pamoB. Ilpmmem, 9T0 X0TA GH OOUH CYyImECTBYeT.
3aTo nerko [0Kas3aTh, UTO 6ce HAMYpAabHbie pAdtL nodo6HbL.
Wnave maiinyres gBa paga M = {m} u N = {n}, gna xo-
Topux | M| =|N [n]p||. Muoskectso N [n] am6o mycro,
160 mMeeT MOCHeNHAN diIeMeHT (HemOCPeNCTBEHHO HpefuIecT-
Bylomuit snementy n). Ho torma M Toske mycTo miIm HMeeT
[OCIENHUA DHIEMEHT, BOIPEKH OIPEfeNeHAI0 HATYPAIBHOIO
pAna.

3akpennm oGosHadenune ® = {n} AIA HEKOTOPOro HATY-
PATBHOTO pAfa U o6o3HA9YEHHS n~ — JJIA 3JIeMeHTa, Hemo-
CPEeCTBeHHO IPeNIIecTBYIOMEro 3JeMenTy n, u 1 — nisa mep-
BOI'0 JJeMeHTa H3 O.

Idna marypanbHOTO pAfAa BHIONHSETCS HOCTYJIAT (mpo-
croit) magyknum (5-i mocryxar Ileamo):

ecau
(1) 14,
(2) " npu wobox n>1

us yeaogua n~ & A caedyem, ymo n < A,
mo® Z A,
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HeficTBUTEIBHO, TYCTH 1 — HEPBHIH BIEMEHT ), He BXO-
gamuit B A. Torna n =1, n- & A u, suaaur, n = A, Bo-
OpeK:d BHOODPY 3TOTO n.

Kaxcdoe nenycmoe nodmmoncecmeo A & o [nl  umeem
nocaednull gnemenm. VInade mHaiifeTcss OepBHIA OTpPe3oK
o [n] ¢ momMuosKecTBoM A Ge3 mociemHero siemenTa. Ecam
A S n-, 10 n- — nocaenumii siement B 4. Ecamsxe A D n-,
10 A = o [n-]. X Torna o [n] — ne nepBmii oTpesox ¢ pac-
CMATPHBAEMEIM CBOMCTBOM.

Hamypaavnotii pad pagromowjer HEKOMOPBLM CE0UM CMPO-
eum noOmmomcecmgom, Hampmmep, MHoskecTBY o \ {1}.
Hysxuoe oToGpaskenue goctaBiaser Gyurnua f (n) = n*, rae
n* HEOOCPeACTBEHHO ClefyeT 3a n.

B npormBomomnokHOCTE 3TOMY: ompesox ® [n] mamypasv-
H020 pada me Ovleaem PABHOMOWEH CBOEMY CMPO2OMY NOOMHO-
aecmey. HHaue Haiimercs NEpBHA OTPE3OK 1\;/ = o [n],
OKBEBAJICHTHHE CBOeMy CTPOroMy moAMHOkecTBY M < N.
flco, wto N m M — o6a me myctu. Ilycts f oroGpamaer
B3aMMHO ofHO3HAYHO N ma M, a n~ ®W m~ — HX NOCJEJHHAe
aaeMeHTH. YaeamM w3 N m M snementn n- m m-. Ecam
f(n~) = m-, 10 ©[n-] pasrOMomEO M\ {m-}. Ecam xe
f(n~) = m-, 10 orobpasmM f-! (m-) ma f(n-), a ocTanbHEE
samemeRTH ® [n-]1 @ M \ {m-} ocraBmm B cTapoM cooTBeT-
crBuu. B pesyanrate mw B sTOM caydae o [n-] oxasmBaerca
PaBHOMOMIEH CBOEMY CTPOrOMY IOAMHOKECTBY

M\ {m} colnrl

7 © [n] — He mepBHI 0TPE3OK ¢ TaKEM CBOHCTBOM.

Ho Bepro m o6patHoe. Ecau A He pAsHOMOWHO HUKAKOMY
ceoemy cmpozomy nodmmoncecmsy, mo A pasmomowno Hekomo-
pomy ompesky o [nl.

Jlna mokasaTenncTBa IIPOMIE Bfero BIIOJNHE YIOPAMOIUTH
A u cpaBuuth gnuEn A @ o. Ecunm

lol<l4l,

To B A yKe eCTh mMOAMHO;KkecTBO (06pPa3oB ®), paBHOMONIHOE
cBoeil cTporoil Factu. 3HATMT,

lol>14] u [A]=]o [al].

ITpm pmoxasaTenbCTBEe STOTO YTBEP)KIEHHS He YAAeTCA H3-
GerayTh mocTyiaTa BHGOpA.
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Bameuanue. |[{i >nj] =] ol d1a 4060z n E .
IleiicTBuTenbHO, OYCTh N COCTOUT M3 T€X n, AJIsA KOTOPHX 8TO BEp-
HO. Mu Bujienu, 410 1 € N. Ilyers n & N. Torpa

1> n}l=lol, 1>t =]{i>}=le]

n nt € N. Creposarenbao, N = @, H yTBep:K[ACHHE JOKA3aHO.

2. HocTpoenne apnmeTnkn Tax;ke He BEIBEIBAeT 3aTPYA-
megmii. Ho 9roOm He mOBTOPATHCS, MH HB3IOKAM Cro TaK,
6ynro § «ApmpmerHra MOIGHOCTei» HAXOMUTCA y IHATATeNd
non pyxamm. HKpome Toro, saxpemmm o6osnadernme A [al
33 3aKDHTHIM OTDE3KOM

Alal = {a: a < a}.
Ilycts i, j, n; — sneMenTH @. Cymmoil u npoussederuem

i i
s=n; un d=H n;

HABHBAITCA TaKWe 8 M d ma ®, 49TO

GG
i<i

51d1]=| [ & ns1].
i<t
Ilosmomy caoxmcenue u ymHoAcenue KOMMYMAaAmusns u ac-
coguamusmyl, a caoxncenue OucmpubymusHo OMHOCUMENLHO
ymroncenus. Bee aTo yrke GBIIO yCTAHOBIEHO IJIA CIOMKEHHA
¥ yMHOKeHHsA Momuocteil. Bosgedenue ¢ cmenendb mosce 06-
aadaem o0OBMHBIMU cBOTicMBAMU.
OcTaeTcs moKas3aTh JWNIL CYIECTBOBAHHE HYKHHX S H d.
Crnosxenmnme. [loxaseMm cymecTBOBaHAE CYMMH S fIBYX
ciraraeMux m -+ n. O6pasyeM TpH HeHAJeramomuX 3aMeHH-
TeJds HATYyPaIbHOTO PAMA:

®, 0 = {(1» k)}y Wy = {(2, k)}

Orobpasum o, [(1, m)] ma ® [m]. Ilo mpemmmymemy same-
9aHm0, ocTaTok {k: k> m} momober ® m @, Ilosromy
o, [(2, n)] mono6ro mexotopomy orpesky {m < k < s} mno-
sxectBa {k > m}. A Bce oGnenumHeHmEe

@, [(1,m)] U @, [(2, n)] momobrO ® [s].
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Hanee, npu mo6om i > 1, Guaromapsa acconEaTUBHOCTH
CIIOKEHUSI MOIIHOCTEH, I0JyJaeMm

| 3 sim)| =[S 5 1n0) + B 1me]

jsit i<i

N ecau cymecTByeT s mis i CIaraeMeX, TO CYMECTBYeT U S
naa it caaraeMux. TeM caMHM Hy)KHOe S$ CYmeECTBYeT AJis
a00oro 4mciaa i € o cIaraeMuix.

YumMunomxennme. Ilpomsemenme d = m X n [AByX
COMHO)KHTeJell cymecTByeT, TaK KaK CBOJHTCA K CyMMe m
cllaraeMHXx:

|m X n|=|8[m] X &[n]| =| X Bn],

ism

B KoTopoit Bce n; = n. Ilpomssenenue i* comBokHTeNeH Cy-
meCTByeT BCIel 3a IpoW3BeNeHHeM i COMHOMKATeNed Oiaro-
Hapsi AacCONWATHBHOCTH NPOH3BEfleHHA MOMHOCTEM.

dameganue 1. Ilo-smgumMomy, y Hac ecTh BO3MOMK-
HOCTh BHGpaTh ONMH HATypaJAbHHH PAJ W ONHCATH ero cobe-
ceganky. Onpepenenme aToro psapma:

{6}; {6,{8}}; {6,{6}, {6,{6}}};... (%)

OIEpAaeTCs HA e[UHCTBEHHOCTb IIYCTOTO MHOKeCTBa. BoT oHo:

Ilycts ® — (kakoi-HmGyAb) HATYpadbHKNIL pax X @ (n)—
(rakas yropgmo) ymkmua Ha o. Ilomoskmum F (¢, n,) = {6}
Rl MepBOro 3JIeMeHTa n; & ® H

F ((P’ n) ={0,9 (n_) Ras n > n.

YcaoBus [isA HOCTPOEHHS IO MEAYKNWHE BHIOAHEHH. Tem
CaMBHIM ompefielleHa H e[HHCTBEHHA Ha ® (QYHKIHA

f(n) = {8, f(n)}

3HA4YEeHHS KOTOpOil o6pasyiorT pdApm ().

JApyroit, Menee HafeKHHH, HO HOJE3HHH JA OPAKTAKH
€1oco6 COCTOHT B PAcCMOTPEHHH NECATHIHHIX (UETHX MOJo-
JKETeNbHHX) ducesa. Haskmoe Takoe 9mCIO ABIsgETCA 0oToOpa-
yxendmeM @, oTpeska ® [n] Bo MEOKecTBe mecATHIHEX HEGD

0, ..., 9, naaunaromumca ge ¢ myas (¢, (n,) 5= 0). Tokasa-
TenscTB0 mofobEA |{¢,} | =) © ) mpemocrapaserca wmra- -
TeJI0,
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Bameuwanme 2. Ecrm muoxecrso I = {i} m Bce 4,
BIIOJIHE YIOPS0YEHH, TO JIETKO BIOJHE YHOPAROYUTH CYMMY

4 L]
JecTBUTENBHO, KOIB CKOPO S M ¢ — deMeHTH S B S & A,

teA;, TO IOJOKEM § << f, Korpa
i<jsl,
AN
i=jms<iBA,.

Jlerko Bmaers, 9ro S cTaHeT BHOJHE YHOPSOYEHO.

Ho nmpomssenenme D = IIA; Tax mpocTo BIONHE ymopA-
RoYATH He ynaercsi. lmade MH cMoram OH BOOJHE yHOPARO-
YATH KOHTHHYYM 2¢, He IONb3yACh MOCTYJAaTOM BHGOpA.
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